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This book provides an accessible introduction to quantum 
electrodynamics. 


Based on lectures on quantum electrodynamics given by the 
highly original and distinguished physicist V. N. Gribov, the aim 
of the book is to present the theory of quantum electrodynamics 
in the shortest and clearest way for applied use. A distinctive 
feature of Gribov's approach is the systematic use of the Green 
function method which allows a straightforward generalization 
to the cases of strong and weak interactions. The book starts 
with an introduction that uses the basics of quantum mechanics 
to introduce the reader gently into the world of propagation 
functions and particle interactions. The following chapter then 
focusses on spin 1/2 particles. The text goes on to discuss 
symmetries, the CPT theorem, causality, and unitarity followed 
by a detailed presentation of renormalization theory. A final 
chapter looks at difficulties with the theory and possible routes 
to their resolution. 
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Quantum Electrodynamics 


This book provides an accessible introduction to quantum electrodynamics. Based on 
lectures on quantum electrodynamics given by the highly original and distinguished 
physicist V. N. Gribov, the aim of the book is to present the theory of quantum elec- 
trodynamics in the shortest and clearest way for applied use. A distinctive feature of 
Gribov’s approach is the systematic use of the Green function method which allows a 
straightforward generalization to the cases of strong and weak interactions. The book 
starts with an introduction that uses the basics of quantum mechanics to introduce 
the reader gently into the world of propagation functions and particle interactions. The 
following chapter then focuses on spin 4 particles. The text goes on to discuss symme- 
tries, the CPT theorem, causality, and unitarity followed by a detailed presentation of 
renormalization theory. A final chapter looks at difficulties with the theory and possible 
routes to their resolution. 
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Foreword 


The idea of this book is to present the theory of quantum electrodynamics 
in the shortest and clearest way for applied use. At the same time it 
may serve as a general introduction to relativistic quantum field theory 
within the approach based on Green functions and the Feynman diagram 
technique. 

The book is largely based on V. N. Gribov’s lectures given in Leningrad 
(St Petersburg) in the early 1970s. The original lecture notes were col- 
lected and prepared by V. Fyodorov in 1974. * 

We were planning several modifications to the work. In particular, 
Gribov intended to include discussion of his new ideas about the structure 
of the theory at short distances, the problem he had been working on 
during his last few years. His death on 13 August 1997 prevented this, 
and I decided to stay as close as possible to the version completed by 
early 1997 and already checked by him. 

In preparing the book, I got invaluable help from many of our friends 
and colleagues. I would like to express my gratitude to those who read, 
commented on, and provided suggestions for improving the manuscript, 
especially to A. Frenkel. I would also like to thank C. Ewerz and especially 
Gy. Kluge for their help in preparing the figures. 

I am deeply indebted to I. Khriplovich and, most of all, to Gribov’s 
former students, Yu. Dokshitzer, M. Eides and M. Strikman. They per- 
formed the enormous work of checking the manuscript by going metic- 
ulously through the whole book several times. They compared the text 
to their own notes taken at Gribov’s university courses and restored the 
Gribov lectures as fully as possible. They found and corrected inconsis- 
tencies and errors. It was more than mere scientific editing. Among their 
objectives was to preserve in the English text the unique style of Gribov 
the lecturer, a style that is remembered by his disciples and colleagues 
with admiration. 

J. Nyiri 
Budapest 
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Particles and their interactions in 
relativistic quantum mechanics 


There are different roads to quantum electrodynamics and to relativis- 
tic quantum field theory in general. Three main approaches are those 
based on 

(1) operator secondary quantization technique, 
(2) functional integral and 

(3) Feynman diagrams. 

We shall use the last as physically the most transparent. 


g 


1.1 The propagator 


In quantum mechanics, the motion of a particle is described by the wave 
function W(r,t) which determines the probability amplitudes of all phys- 
ical processes and satisfies the Schrodinger equation* 


i— = HV. (1.1) 


The wave function depends on the initial conditions. It is this de- 
pendence that makes the notion of wave function inconvenient to use: 
different wave functions can correspond to essentially the same process. 
Can one develop a more universal description of physical processes? 

Let us introduce the function K (rg, tg;r1,t1), which is called the prop- 
agator. Suppose that at time t; a particle is placed at a point r;. We 


* We use the system of units with h = c = 1. Choosing [cm] as the unit of length, 
these two conditions fix the unit of time {em] and the unit of mass [em7~'] as well. 
Indeed, the Compton wavelength of a particle of mass m is \ = h/me, i.e. A= 1/m 
in our case; t = 1 cm corresponds to the time which is needed for the light to travel a 
distance of 1 cm while m = 1 cm~? stands for the mass of a (hypothetical) particle, 
the Compton wavelength of which is 4 = 1 cm. 


i) 


2 1 Particles and their interactions 


define K(r2,t2;1r1,t1) as the probability amplitude to find this particle 
at time t, at the point ro. The propagator is a function of four rather 
than two variables. (This is the price we have to pay for eliminating the 
arbitrariness of the initial state wave function.) 

By definition, K (re, te;r1,t1) for te > t; has to satisfy the Schrodinger 
equation (1.1), since K is essentially the wave function, 


K(ra, ta; tee WV (ro, ta), 
but with a specific initial condition 


K (ro, ta; r1,t1) = W(1r2, t2)| ’ — 6(r2 _ r1) roa (22) 


to=t 
The latter means that at time t; the particle was at the point r;. The 
knowledge of function K allows us to solve the Cauchy problem for equa- 
tion (1.1), i.e. to find the wave function of the particle with an arbitrary 
initial condition (yz, (¥r1): 


y(re, te) = J Keeo.taini.t) $4, (11) dr; A (1.3) 


The function y(r2, tz) is indeed a solution of (1.1), since the propagator 
K is a solution of this equation. Moreover, due to (1.2) it also satisfies 
the initial condition 


y(ra, ta)|, = $t,(T2). 


Equation (1.3) means that the probability amplitude to find the particle 
at the point ro at time te is the product of the transition amplitude from 
(r1,t1) to (r2,t2) and the probability amplitude for the particle to be at 
time t; at the point rj. 
Having a complete orthonormal set of solutions of the stationary Schr6- 
dinger equation 
HY, (rt) = Eaves), 


we can write the function K as 


i (see a Vn (ro, to) UF (rn, t1). (1.4) 


This function, obviously, satisfies equation (1.1) (since V,,(r2,t2) does), 
while the initial condition (1.2) is satisfied due to completeness of the set 
of eigenfunctions {W,,}: 


K (ra, t1301,t1) = >> Un(re, t1) UF (11, t1) = 6(r1 — 12). 


1.1 The propagator 3 


Thus, (1.4) is indeed the propagator. 


Let us now determine the propagator for a free particle described by 
the Hamiltonian 
~ 2 ow) 
Pp Pp cal . 
Hp = — — VW, = : =—-i—. : 
0 Sr? om Un = EnV, ; p U (1 5) 


The solution of (1.5) is 


2 2 
Wr(r,t) =e mt, EL = — 
2m 
Since the momentum which determines a state can take arbitrary values, 
this solution corresponds to the continuous spectrum. Hence, one has to 
switch from summation to integration over all states in (1.4). As is well 
known, there are d*p/(27)* quantum states in the interval between p and 
p + dp, and therefore one has to substitute >, — f d?p/(27)? in (1.4). 
Consequently, for a free particle we obtain 


. p? : Pe9 
Ko(ro, ta; f1,t1) a a teliaa 
vie 
(Mee ip:( \iBtG t1) 
= e'P: r2—T1)—t5,, (ta-th . (1.6) 
Qn) 


It is easy to see that Ko satisfies both equation (1.1) and the correct initial 
condition 


‘ 2 d°p p(r2—ri)y = 5 
Ko(ro,t1; 71,1) = (anys° = (r2 _ r1) : 
From (1.6) it follows also that Ko is in fact a function of only relative 
variables, namely: Ko = Ko(r,t), where r = rg — 11, t = te —t). This is 
not surprising, since, if space and time are homogeneous, for a free particle 
the transition amplitude between (rj, ¢,) and (r2,t2) must be independent 
of the absolute position in space and the absolute moment in time. 
The integral (1.6) can be calculated explicitly: 


3 
d°p iD: apy 2M\2 -x2m 
Ko(r,t) = (ons Om” = (=) e’ at, 


We represent the propagator for a free particle by the line 
r1, 0 Yo, te 


Suppose now that a particle is moving in an external field described by 
the potential V(r,t). Let us consider the amplitude which corresponds 


4 1 Particles and their interactions 


to the transition of the particle from (rj, t,) to (re,t2). In this case the 
following processes are possible: 
(1) The particle reaches (ro, t2) without interaction with the external field 


Ko(ra — 1; t2 — #1) 


Vi. 
tg > ty ( ) 


ri, ty rg, te 


(2) The particle propagates freely up to a point (r’,t’) where it interacts 
with the external field. After, this, it continues to propagate freely to 
(r2,t2). This process can be represented graphically as 


SSS ee 
ry, ey rt Yo, to (1.8) 


To find the amplitude of this process, let us turn to the Schrodinger 
equation for a particle in an external field: 


ov 
— = VV. 
1 Ot HoV + 


During a small time interval 6t the wave function changes by 
6V = —1HpWV dt —iV WV 6t. 


The first term on the right-hand side of this equation corresponds to the 
change of the wave function for free motion which has already been taken 
into account in (1.7). This means that the interaction with the external 
field leads to the change 


ébyV = -iVV dt 
of the wave function. Based on this observation, we can guess the answer 
for the amplitude of the process (1.8): 
Ki (re, te;r1, ti) = | Koleot'ste—1) [iV (04, Kole! nitty) drat 


bp < teee (1.9) 


The integration in (1.9) corresponds to the summation of the amplitudes 
over all possible positions of the interaction point (r’,t’). 


(3) The particle interacts twice - at points (r’, t’) and (r”,t”) — with the 
external field: 


— $$ ——_—__ 2 ____"=e 
Lint ee aie a ro, to 
Similarly to (1.9), we shall write for the amplitude of this process 
Ko(re, ta; 11, t1) = | Ko(re—r"';t2-t") [—iV(r" jt) Kor’ —r'5 t= £') 


x [-iV(r', t')] Ko(r’ —11; t! —t)) dr" dr’ deat , 
(1.10) 


1.2 The Green function 5 


so ec ea 


It is straightforward to write similar expressions for three or more in- 
teractions. We obtain the total transition amplitude K (ro, t2;11,t,) as a 
series of amplitudes K,, with n interactions with the external field: 


K (ro, t23 11, t1) = » Ka @odasristi)- eal) 


n=0 


We need to show that the function K so constructed is, indeed, the prop- 
agator of a particle in the external field. 


1.2 The Green function 


Working with the functions K,, we always have to take care of ordering 
the successive interaction times. To avoid this inconvenience, we can 
introduce a new function G 


G(ro, ta; 11, t1) = "Olde — ty) - K (re, 2341, t1) ; (let) 
Go(re,te;r1,t1) = O(t2—t)- Ko(r2— ri; tz — iy)’ 
where ion 
>U, 
“o> { 0 t<0. 


The function G is called the Green function. The integrals (1.9), (1.10) 
with Go substituted for the free propagators Kg remain the same, but the 
step-function 6 included in the definition of G ensures the correct time 
ordering automatically. 

Let us now try to find the equation that the Green function satisfies. 
Acting on G with the operator i0/Ot — H(r,t), we get 


_d 
K (ro, tour iot) to kta = t1) 


= i6(re—11)6(te — 1), 


ee — H(ta,ta) G(r2, te;¥3, ¢1) 
Ote 


if K obeys the Schrodinger equation. In the above derivation we have used 
that the operator H(r, t) does not contain time derivatives, the propagator 
K satisfies (1.2) and the derivative of the step-function @(t) gives 


Thus, unlike the propagator, the Green function satisfies the inhomoge- 
neous equation: 


lege ~ Hasta) G(ro, ta; 11, t1) = 26(r2 — 1r1)6(t2-—t1). (1.18) 
2 


6 1 Particles and their interactions 


Let us show now that the total Green function can be obtained as a series 


[o.@) 
G(ro, to311,t1) = >| Gn(ra, te; 11, #1) , (1.14) 


(0) 
where 
Gr(r2, te;11, 1) = O(te — t1) - Kn (ra, ta; 11, t1)- 


We need to demonstrate that the function G so defined satisfies (1.13). 
From now on we will associate each diagram with a respective Green 
function, for example 


riji ¥o,t = > Gots to.T1,208 
—EE—EEEEEE——————————E——————EEEEEEE 
Peas (An = ree : Yo, te = G(r, t2; 11, t1) 


= | Golrs, tor’, i) [-iV(r', t’)] Go(r’, tr, ti) dt’ d3r! Peto) 


etc. 
Representing the total Green function by a bold line, we write (1.14) 
in the graphical form: 


oe. ae ee -- Go ~iV Go Se 
Yj, ¢4 ro, t2 Bia it Yo, te r,t r yt Yo, t2 


All the diagrams on the right-hand side, starting from the second term, 
have the following structure, 


—wV Go —iV Go 
a 1s dy : 7 ogf 
rye Yo,to _ r,t Torts 


and contain the graph 


—iV Go 
————EE 
r in Er, to 


If we extract this graph as a common factor, the sum of the remaining 
diagrams again gives the complete Green function 


G 
Hence, we can write 
eee ee AGo 2 Yee ae 
r1,t1 ro,t2 Y1,ti Tr, lt Yy,t1 Ye, te 
Z Go G. =i We 
ry, ty roto .Fi;tiy Tat r2, tg 


1.2 The Green function 7 


Relation (1.16) is nothing but a graphical equation for the Green function 
which corresponds to the integral equation 


G(re,te;r1,t1) = Go(re, te;r1,t1) (1.17) 
ae [Gore ta; Tt) [-iV(r’, t')] Gir’, t’. 1,1) dr! dt! . 


To prove that it is equivalent to the differential equation (1.13) we apply 
the free Schrédinger operator to (1.17): 


we 
is = Ho(tt2) G(r2, te;r1,t1) = 16(r9 = r1)6(t2 = t1) 


+ / i6(rg—r’)6(to—t’) [-iV(r’, t')] G(r’, 11, t1) d?r' dt! 
= 16(r2 _ r1)6(te _ ty) a V(ro, ta) G(ra, ta; r1,t1) : 


Moving the second term from the right-hand side to the left-hand side 
of this equation, we get exactly (1.13). The Green function G is defined 
unambiguously as a solution of the inhomogeneous differential equation 
(1.13) (or the inhomogeneous integral equation (1.17)) with the initial 
condition G(r2,te;r1,t;) = 0 for tg < t;. Note that in the case of the 
integral equation, this condition is automatically satisfied by the iterative 
(perturbative) solution: the exact Green function G vanishes for tg < ty 
because the free Green function Go does. 

We conclude that the function G constructed according to the prescrip- 
tion (1.14) is indeed the Green function of the Schrodinger equation for a 
particle in an external field. Using (1.12) this allows us to complete the 
proof that the function K in (1.11) is the corresponding propagator. 

The graphs introduced above are, in fact, Feynman diagrams for the 
scattering of a particle in an external field in the non-relativistic case. 

It is worthwhile to notice that the space and time variables enter on 
equal footing in equation (1.13) for the Green function, as well as in the 
integrals for Gn. This symmetry will make the Green function our main 
tool when we turn to constructing the relativistic theory. 


1.2.1 The Green function for a system of particles 


The Green function for two or more particles can be constructed in the 
same way. Consider, for example, two free particles. Their motion can 
be described as 

Ria Do 


/ / 
r,t Yo, ty 


8 1 Particles and their interactions 


Since these particles are moving independently of each other, the Green 
function in this case is simply the product of the one-particle Green func- 
tions: 


Go(rd, 71, th, 01382, 01, te, t1) = Go(r, — 11, t; — t1)Go(r) — ra, tp — ta). 


The simplest diagram which takes into account the interaction between 
two particles is 


f / 
m,4.\ XT rj, ¢; 
a 
! 
| 
| 
(1.18) 
{ 
i] 
H 
{i / 
ro, tg XQ, 72 Tp, ty 


The dashed line corresponds to a single interaction between the particles. 
Similarly to the case of one particle in an external field, we ascribe to 
this diagram the factor [—iV (x2 — x1,72 — 71)], with V the interaction 
potential. For G; we obtain 


Gi = f Go(et,tix1,1)-1V (xo — X1572 — 71)|Go(x1, 71311, £1) 


/ le 4 3 3 
x Go(r 2, to; X2, T2)Go (Xa, 72} rg, t2) d°’x1 d°x2 dT dt2. 


(1.19) 


Unlike the case of one particle in an external field, the potential in (1.18) 
describes an interaction between two particles, and it enters the respective 
analytic expression in (1.19) only once. A justification of the prescription 
(1.19) will be presented in Section 1.7. (Note that in non-relativistic 
theory the interaction is instantaneous, so that actually V(x2 — x1; 72 — 


T1) = 6(T2 = T1) V (xa = X1).) 


1.2.2 The momentum representation 


We now return to the case of a particle in an external field. Usually it 
is very instructive to work in momentum space. We shall carry out a 
transformation to the momentum representation in a way which allows 
us to preserve the formal symmetry between space and time variables. 
This symmetry will be useful later, when generalizing the theory to the 
relativistic case. 

The Green function of the free particle is 


d3p 


Go(r, t) se (an) 


. . 2 * 
elP tid O(t) (1.20) 
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(see (1.6) and (1.12)). The variables ¢ and r enter this expression in a 
non-symmetric way. The niet can be restored, however, if we write 


Gort) = [ SE, Golpm) oP", (1.21 


where r and t enter on equal footing as do p, pp. Here the Green function 
in the momentum representation is 


1 


Go(P; Po) = = (1.22) 
= Sonne 
where € is an arbitrarily small positive number. Thus, 
3 * . 
Go(r, t) = / ¢ Popo = gil a : (1.23) 
(27)*° P- — py —ie 


Let us show now that (1.23) and (1.20) are equivalent. For this purpose, 
integrate (1.23) over po. The integrand has a simple pole in the lower 


half-plane at 
2 


Je P85 
Po = 5 te. 


F) f 
If we had € = 0, the pole would be located on the real axis and the integral 
would not make sense. 


If t < 0, the contour of integration can be closed in the upper half- 
plane. Since in this case there are no poles inside the contour C1, the 
contour integral vanishes. At the same time the integral over the upper 
half-circle is zero due to the Jordan lemma! and this leads to zero for the 


integral (1.23). 


+The Jordan lemma is proved in any textbook on mathematical physics, see e.g. 
G. B. Arfken and J. Weber, Mathematical Methods for Physicists, Academic Press, 


1995 
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Consider t > 0 and close the contour of integration in the lower half- 
plane. This time the integral over the lower half-circle is zero, giving 


3 
(1.23) = [ a e'Pt—tpot — _27i Res 
C2 PO 


(20)4i P _ py — ie 


Here Res |,, is the residue of the integrand at the point po = p?/2m — ie. 
Taking the ¢ — 0 limit we get 
\ 


3 : ee: 
(1.23) = 2Qni / awe 


which is exactly the expression (1.20) for t > 0. Hence, we have proved 
that (1.20) and (1.23) coincide. 

In (1.23) we guessed the expression for the function Go(p, po). Let us 
obtain (1.22) straight from the Schrdédinger equation. So, we are looking 
for the solution of the equation 


2m 


2 
(5 oe a Go(r, t) = 16(r)6(t) (1.24) 
in the form (1.21): 
d‘ : : 
Go(r,t) = / a Go(p, po) ethane 


Substituting into (1.24) and using the relation 


d‘p , : 
6 6(t) = ip-r—ipot 
CoG | ae 
we have 
: d‘p Dp i : d‘p ; : 
— os. Ech ieee P-r—tipot _ ; ip-r—ipot 
/ (20) (/ 0 dim | ColP. Pode i| (Qm)4° 


which, after introducing the infinitesimal quantity —ie to satisfy the con- 
dition Go(r, t) = 0 for t < 0, results in (1.22). 

Let us introduce the momentum representation for the external poten- 
tial: 


d’q . 
VOD aa ie 


| (1.25) 
Vig) = | Prdteartinty(r,t), 
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where q = (qo,q). By substituting (1.21) and (1.25) into the expression 
(1.15) for Gi (ro, t2;1r1,t1) we can describe the process 


r,t Vee . Te, te 


in the form 


de . jie cmeatiiraes) 
: Gi (re, ta; 11, t1) — fa@rae’ f aay Colmn)ere er )—ipoo(ts—t’) 
Go(r2,t2;r’,t’) 


4 4 
x (-1) | ene) (q)ett? #908 ih can Go(pi)e'P1 1) #1041) 
eee 


(2z7r)4 (27) 44 
—iV(r’,t’) Go(r’,t/;r1,t1) 
4. A 4 
f° = Pi Yager cana le ra 
T t 


(2m)464 (p1 +q—p2) 
x etP2-T2—tpaot2 -—ipi-titipioti go F 
€ e Go(p2) [-V(q)] Go(p1) 


The integration over r’ and t’ leads to the 6-function which ensures the 
energy-momentum conservation. Integrating over qg, we finally obtain 


4 4 
d*p\d"po etPititipiots e’P2't2—tprote 
8 . 
(27)8i (1.26) 


x Go(p2) [-V (p2—P1)] Go(p1) - 


Hence, as a result of the interaction, the first correction to the Green 
function of the free particle will no longer be a function of only the dif- 
ferences r = ro — 1, and t = to — ty. Go can be rewritten in a similar 
form: 


Gi (ra, t9; Yl, ti) = 


d‘p,d4 , : — 
Go(r, t) a r2 *p20t2 §(, —p2)Go(p1) - (1.27) 


Let us now introduce the exact Green function G(p;,p2) in momentum 
representation: 
d*pid*po Tee. 
se) 2 cae p2-r2—p20t2) p—i(Piti—Pr0t1) Gp, po). 
Giro tegtT, 1) a (Qr)8i (pi p2) 
(1.28) 
Taking into account (1.27) and (1.26), we obtain 


G(p1, p2) = (2m)*6(p1 —p2)Go(p1) + Go(p2)|-V (p2—P1)|Go(p1) + ae 
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Graphically this will look like 


Gp) (2 )*6(p1 — pa) Go(p2) = Go(pi)—V__Go(p2) saat 
Pr p2 Pi P2 Pi P2 


The expression for Gi(p1,p2) given by the second term in (1.29) corre- 
sponds to the first Born approximation in non-relativistic quantum me- 
chanics (—V (p2—p1) is the scattering amplitude in this approximation). 


One can repeat this procedure for the diagram 
‘ 


P1 P P2 
Yi, ty Lie t’ ro +" r2, tg 


and get for the next term in the perturbative series (1.29) for the Green 
function 


4 
oo V(p' — p1)Go(p')V (p2 — p’) - Go(p2) . (1.30) 
This corresponds to the second Born approximation, and the integration 
over the momenta here is equivalent to the summation over the interme- 
diate states in the standard quantum mechanical approach. 
The general rules for constructing the Green functions G, that corre- 
spond to diagrams 


G2(p1, p2) = Go(p1) | 


U " 


al p _p p2 
—V(p'—-pi) —-V(p"—-p') —V(p2—p") 


can be formulated in a similar way. Namely, every line corresponds to a 
free Green function Go(p), every vertex corresponds to (—V), and integra- 
tions with the weight d*+p/(2m)* have to be carried out over all momenta 
of the intermediate lines. 


+ -:- 


1.2.3 Virtual particles 


Our perturbation theory differs from the usual one in the following re- 
spect. The non-relativistic quantum mechanical expressions look as if the 
energy was not conserved. Consider, for example, the stationary scatter- 
ing problem, V(r,t) = V(r). In the second order in V one writes for the 
scattering amplitude 


Vea 
Poe = Ee, Vip= fire Ory), (2.31) 
k 2m ~ 2m 


where Vp is the matrix element of the potential between the free particle 
states with three-momenta p and k. Although the energies of the initial- 
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and final-state particles are the same, p?/2m = p3/2m = E, the interme- 
diate state energies Ey, = k*/2m are arbitrary and, generally speaking, 
different from E. 

The expression (1.31) is actually contained in our G2. Indeed, using 
that in the stationary case V(q) = 276(qo)V(q), we can represent the 
integral in (1.30) in the form 


Dt V = 
a [/? =~ V(po—p') Go(p')V (p'—r1 2 eae 
am ~ Po P10=Pp=P20 


This becomes identical to the non-relativistic amplitude (1.31) if we take 
the real external particle with pio = p?/2m, and substitute p?/2m for 
Po = Po- 

What remains different is the interpretation. Within the framework of 
our new perturbation theory the energy defined as the zero-component 
of the four-momentum p = (po, p) remains conserved at all stages of the 
process, pig = Pp = p20. The intermediate particle p’, however, is not 
real because its energy and three-momentum do not satisfy the relation 
characterizing a free physical state, pj # p’/2m. It is a virtual particle 
(or particle in a virtual state). ’ 


1.3 The scattering amplitude 
1.3.1 How to calculate physical observables 


Let us calculate, for example, the scattering amplitude. The initial state 
in the remote past is described by the wave function W;(r,t,). As a 
result of the interaction, the particle at finite times t > t, is described 
by the wave function WV(r,t). This wave function contains information 
about the interaction and ‘remembers’ the initial state. What we access 
experimentally is the probability amplitude to find the particle in the 
remote future in a given state W;(r, t): 


/ U(r, t) U(r, t) Br. 
This expression can be simplified with the help of the propagator. Since 
V(r, t) = [Ke tr’, t/)W;(r', t') dr’, 


the transition amplitude i—f (or the matrix element of the scattering 
matrix S) has the form 


c= / Wi (r,t) U(r, t)d’r = Mi W*(r, t)K (r, t:2', t')Y;(r', t') Brabr’, 
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where t — oo, t/ > —oo. Finally, substituting the function G instead of 
Kk, we get 


he / 7 (r,t) G(r, tyr’, ) V(r’, t!) Brae, (1.32) 


Now calculate (1.32) for a real process. Suppose that a particle with 
momentum py, interacts with an external field and, as a result, makes a 
transition into a state with momentum pg, i.e. 


vy) 2 
pire ‘eign ee 
U; = Uw, = e’P! r "Sm e U; = Wo = e'P2 r isnt : 
Then 
3,93 Py 
cam a dr d r eo tP2: rire Gen Zt Cpt: r/-i orn 
(1.33) 


d‘p'.d* pt / 
x Na Meld 7/3 eiP2T Sup eo Pi = ‘+Piot 
| Giae Cote) 
where we have used the momentum space representation (1.28) for the 
Green function G(r, t;r’,t’). The integration over r and r’ in (1.33) gen- 
erates the product of delta-functions, 


(277)°6(p2 — pd) (27)°6(p1 — pi), 
and we — 
Spo,pi = (Qn = | erode ei 2m P20) ett Te P10) G(py,p2). (1.34) 
? Recall now the expansion of G(pi, p2) into the series (1.29): 
G(p1,p2) = (2m)*6(p1—p2)Go(p1) + Go(p2) [—V (pa — p1)] Go(p1) 
ot Goto) [ LEV (0'—P1) Cole") Vp-p Go(p2) + 


Inserting this expression into (1.34), we obtain the first term in the form 


: a(t—t 1 
Spm pb —i(2r)*6(pi er P2) [ apr Go(Pi, P10) @ i nH i 0) 


2 
ad (te 
2m — Po — t€ 


I 


(27)?5(p1 — pa), 


* Note that in passing to (1.34) we have renamed the integration variables pi, — dpio, 
along with the substitution p; = p; due to the delta-functions above. This allows 
us to keep using the compact four-momentum notation p; = (poi, pi) but does not 
imply that po; coincides with the energy of the real external particle, p? /2m. 
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i.e. there is no scattering in this approximation. In order to derive (1.35), 
the explicit form (1.22) of the Green function Go(p,po) has been used. 
Since t — t’ > 0, the contour of integration was closed in the lower half- 
plane, with the integration yielding 27i. 

All the other terms in the expansion of G(p1,p2) contain free Green 
functions sidewise. Therefore, we can write 


G(p1,p2) = (21)*6(p1 — p2)Go(p1) + Go(p1) T(p1, P2) Go(p2), (1.36) 


where T'(pi,p2) contains all the internal lines and the integrations over 
the intermediate momenta. 

Let us now calculate the contribution of the second term in (1.36) to 
the integral (1.34). When t — oo and t’ — —oo, the exponential factors in 
the integrand oscillate rapidly. If the integrand were a smooth function, 
the integral would turn to zero. However, this is not the case, since there 
are poles of the free Green functions: 


Go(pi)Go(ma) = : 


' Lo. ano 
(FE — pio — ie) (# — poo — ie) 
Moreover, these are the only poles: the factor T(p1, p2) as a function of 


the external energy variables pi9, pao is smoother, because its internal 


singularities are being integrated over, 
d3 p 
V (po — P10; P’ — Pi) °°: . 
F— — py— i€ 


Hence, the integrals in (1.34) can be calculated by residues, and we finally 
obtain for the transition amplitude 


Sp2,pi = (27)°5(p2 — pi) + iT (pi, p2) - (1.37) 


This means that T(pj,p2) is the scattering amplitude, and it can be cal- 
culated in the following way: 


(1) Draw the relevant diagrams: 


/ 
P2 
P1 P2 ve Pi P2 a p 


Bega a 

(2) Write the corresponding Green function according to the rules above: 
T (pi, p2) 

(2 —p2o —ie) (Pt —pio—ie) 


(3) Throw away the pole factors Go(pi) and Go(p2). 


G(p1, p2) = (27)*6(pi1 — p2)Go(p1) + 


(4) Take the external line momenta to describe the real particles, that 
is pio = pj/2m, p29 = p2/2m. 
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1.3.2 Poles in the scattering amplitude and the bound states 


Let us now show that the poles in the scattering amplitude determine the 
bound state energies. The usual quantum mechanical scattering ampli- 
tude is 


12 
CS = eP' V(r) Up(r) dr, i =E, _ (1.38) 


= 
where p’ is the final particle momentum and V(r) is the exact solution 


of the stationary Schrédinger‘equation with a given energy LE. 
For the Green funetion we have the expression 


G(re, te;r1,t1) = (7) 2 UW, (ra, to) VF (11, t1); T= i re 
Tr 
Consider the Green function with a definite energy: 
co . 

/ G(re,11,7) e@" dr 

ain = : 
Galea) H(t) deen (1.39) 

i 0 


es i UV, (ro) U* (ri) 
4 


Ga(re,r1) 


n 


This function satisfies the equation 
1 
(H — £)Ga(ta,r1) = 76(r2—11). 


The sign >>, in (1.39) implies integration over the continuous spectrum 
and summation over the states belonging to the discrete spectrum, i.e. 
the bound states (if any). We see therefore that Gg(ro,r;) as a function 
of EF has poles at the bound state energies. Let us demonstrate that these 
very poles show up in the scattering amplitude as well. 

With the help of Gz(ri,r2) one can construct the exact solutions of the 
stationary Schrodinger equation. In particular, for the incoming particle 
with momentum p we write 


Wp(r) = eP* + (1) | Gp(r,r') bP” V(r’) ar’. 


This function indeed satisfies the Schrodinger equation: 


(H- BW, = (P= Bee ‘| (H — E)Gp(r,r') V(r") Br’ 


. « ‘ 2 
= V(r)e’P? —Vi(r)e'P™ =0; fore 
2m 
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Then 


2m . 
== = qr 3 
f ae V(r) d’r 


2m. =~ ip-r’ 
“+ mm eg ‘PT V(r) Ga(r,r’) e'P™ V(r’) dr dr! (1.40) 


=fg + wal np’ np 
4g *~ By — BB’ 


where q= p—p’, fg is the scattering amplitude in the Born approxima- 
tion, and 


fnp = / PT V(r) U_(r) Br. 


We see from (1.40) that the bound states really correspond to the poles 
of the scattering amplitude. 


1.4 The electromagnetic field 


Aiming at relativistic quantum field theory it is natural to start by con- 
sidering the intrinsically relativistic object — the electromagnetic field. So, 
the first question we set for ourselves is how torconstruct the quantum 
mechanics of the photon? 

In classical physics one introduces a four-tensor Fj,,(x) of the electro- 
magnetic field, the components of which are the strengths of the electric 
and magnetic fields E and H (hereafter, x is a four-vector x = (x, t)). 

We write the relativistic invariants in the form 


LyuYp = Loyo — L1y1 — Layo — L3y3 , 


making no distinction between the upper and lower indices. We introduce 
also the metric tensor gv: 


go=1, g1 = 922 = 933 =—1; Gw=0 if pAv. 


We use the system of units where the fine structure constant a ~ 1/137 
is connected to the unit of charge by the relation 


Ar 
2 
=4ra~ —. 
es 37 
In this system of units the Maxwell equations for F,,,(x) have the form 
OF, 
Aa, = j,(x), (1.41) 
OFw , OF, OF _ (1.42) 


Or, Of, Of, 
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These are relativistically invariant classical equations of the electromag- 
netic field. Usually one introduces the potentials A, (x) 


_ 0A, 8A, 


= 1.43 
WE tage ORs, i 


and (1.42) is valid automatically. There is, however, an ambiguity in the 
choice of the potentials A, since the relation (1.43) does not fix them 
uniquely. Using this ambiguity one can impose an additional Lorentz 
condition \ 

» OAy _ 


Ory, 


Then (1.41) turns into the wave equation for the potentials: 


mee: 
OA,(x) = Fee ae 


0. 


= j,(2). (1.44) 


For the time being we suppress the vector index and consider the d’ Alembert 
equation in empty space, 
Of(x) =0, (1.45) 


which describes the propagation of free electromagnetic waves. Let us 
try to describe the free electromagnetic field quantum mechanically. Al- 
though such a description will give nothing new in the free case, it will 
be necessary for generalization to the case of interaction. 

Suppose that the electromagnetic field consists of photons — quantum 
particles which are described by a certain wave function. The laws of mo- 
tion should be identical for the free classical field and the corresponding 
free quantum particle, since the quantum effects begin to manifest them- 
selves only when the influence of a measuring device is not small, i.e. when 
an interaction is present. Therefore, the free photon wave function we are 
looking for should satisfy the classical wave equation (1.45). 

Note that the classical electromagnetic field is observable since the 
change in the field after the interaction with the measuring device is 
negligible. In quantum mechanics the situation is different. Here a par- 
ticle is described by the wave function U(2) which cannot be measured 
directly. However, its absolute value squared |©(z)|? (the probability den- 
sity in non-relativistic quantum mechanics) determines physical observ- 
ables and is, in this sense, measurable. The integral of the probability 
density over the whole three-dimensional space is equal to the probability 
to find a quantum mechanical particle anywhere in space and turns out 
to be time-independent, 


[ive d°r = const. (1.46) 
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Conservation of probability is one of the most fundamental principles of 
quantum mechanics. 

We have to construct for the photon a wave function WV which admits 
probabilistic interpretation, i.e. there should exist a probability density 
(|©|?, or its analogue) with conserved spatial integral, as in (1.46). On 
the other hand, this W has to satisfy (1.45) which describes propagation 
of photons with constant velocity c in vacuum. Can we construct the 
solution of the d’Alembert equation with the necessary property? 

Recall how the conservation of the integral (1.46) is derived in non- 
relativistic quantum mechanics. The wave function WV is a complex func- 
tion which satisfies the Schrédinger equation 


ov 
i— = HW = ——., : 
aw , A oa (1.47) 
The complex conjugate of (1.47) is 
Ov" *yT,* 
el (1.48) 


Multiplying (1.47) by W*, (1.48) by W and adding the two expressions, 
we obtain 3 : 
P ’ 
cade * on NG 2y* _ y* 2p 
ia (w*W) ae V V°v) 
or 9 
i 
— (W*v) = —-— di *_ p* ; 1.4 
mi (W*P) a div(VVU* — U* VV) (1.49) 


The equation of continuity (1.49) allows us to interpret U*W as the prob- 
ability density, since 


wy >0 and [vy d°r = const , 


where integration goes over the whole space. However, due to the lack 
of relativistic invariance, the Schr6dinger equation gives only an approx- 
imate description of the physical system. 

On the other hand, (1.45) is relativistically invariant. Let us try to ob- 
tain an analogue of the local conservation law in (1.49) for the function f. 
(We will consider f to be complex even though the electromagnetic field 
is real.) To this end, write (1.45), 


2 
av (1.50) 
and, after complex conjugation, 

O? i 


ae V7 ft =0. (1-51) 
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Combining (1.50) and (1.51) we arrive at the local conservation law 


pill ite net eas 
Ot? ot2 Ot ot Ot 


) = ai("Vs - VP). 


Thus we have constructed a local function with a conserved integral, and 
we may try to interpret it as a probability density: 


r,t) = 1(re-7F), (1.52) 


It is obvious from (1.52) that f has to be complex: if it were real, (1.52) 
would be identically zero and it would be impossible to use f for the 
quantum mechanical description of the propagation of free waves. 

Unlike the case of non-relativistic quantum mechanics, p(r,t) in (1.52) 
contains derivatives. This is a consequence of the fact that (1.50) is of 
second order in time. Hence, to determine the wave function completely, 
both the function and its derivative have to be fixed at the initial moment. 
This is the condition on the experiment which determines the initial state 
of the system. A classical analogy — the electromagnetic potential: A 
satisfies the second order equation, but measuring the fields E and H 
fixes both A and its time derivative, A. 

Another, more serious problem is that p(r,t), as defined by (1.52), 
might turn negative, and a negative p(r,t) does not admit probabilistic 
interpretation. To avoid this difficulty, we have to choose only those 
solutions of. (1.50) for which p(r, t) is positive. 

First, consider general solutions of (1.50). We look for a solution in the 
form of a Fourier series 


f(x) = oe f(k), 
k 


where kx = koro — ki kx, — koxq — k3x3; ko, ki, ko and k3 are arbitrary 
real numbers. Hence, 


Of(2) > (-he"" Fk) = 0, hey See. 
k 
(1.53) 
Equation (1.53) has two obvious solutions 


ko = +k]. 


Fixing ko to be positive from now on, ko = |k|, we can write the general 
solution as 


f(z) = f+ (x) + f_(2), 
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where 


fate) = Dae ele) 
f(z) -_ : aa koxo—k- *) f(k) = ei(koto—k’- r) f(k’) 


are the positive-frequency and negative-frequency solutions, respectively. 
Thus, unlike the case of the Schrédinger equation, here we have two com- 
plex solutions with opposite frequencies. Let us show that one of the two, 
f, or f_, can be taken to represent the photon wave function. 

Choose W = f, as the wave function. As was shown above, the integral 
of the local density 


Of+(x) Oft(z) 


- f(a) =) = Hw iZ fle) (0.54) 


p=i (tye 


is conserved. Indeed, 


[ear 5 fk) F(R) if [et**(—akh )e*# is ike * ei] Br 


k,k’ 


(21)? 50 f(k)F*(k) 2ko 
k 


g 


does not depend on t. It is also positive definite. At the same time, for 
the negative-frequency solution (1.54) the integral f pdr is negative. We 
could easily make it positive by simply changing sign in the expression 
(1.54) that defines p, if we were to choose f_ to describe the photon wave 
function. We shall stick to the choice WV = f, which is motivated by the 
analogy with the non-relativistic case, where the wave function depends 
on time as exp(—iEt) with EF > 0. 

The next question is whether the function p can be interpreted as the 
local probability density. This is possible only if p(r,t) itself, and not 
simply its integral, is positive. Generally speaking, this requirement is 
not satisfied, since p is a sum of oscillating exponents. The only exception 
is the stationary case, when 


fr(z) = oo“ U,(r) 
and 
p(r,t) = 2w-|W,,(r)/? 


does not depend on time and is positive definite. 
We see that the photon wave function can be chosen as a positive- 
frequency solution of the d’Alembert equation (1.50). In this case the 
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function p(r,t) can be defined in such a way that its integral over the 
whole space is positive and conserved in time. For stationary states p can 
be interpreted as the probability density as in non-relativistic quantum 
mechanics. 

The reason why the probabilistic interpretation seems to fail for the 
non-stationary states is deeply rooted in the nature of relativistic theory. 
In non-relativistic quantum mechanics the object remains self-identical in 
the course of measurement. In relativistic theory, as we shall see shortly, 
the number of particles is not conserved. Localization of the photon in 
the course of interaction (measurement) inevitably leads to creation of 
other photons, and the notion of the one-photon wave function becomes 
meaningless. 

We have to establish two more facts: first to find an analogue of the or- 
thogonality condition for the wave functions which correspond to different 
k, and second to write the normalized photon wave function. 

In the non-relativistic case we had 


i Ui (x) Uy (x) Br = (2)35(k’ —k). (1.55) 


The condition (1.55) follows from an equation analogous to the equa- 
tion of continuity (see e.g. Section 20 in Landau and Lifshitz: Quantum 
Mechanics |1]). In our case the corresponding expression is 


<7: 


[ fe @OiZ fre(2) Pr = 25K). (1.56) 


In this sense the negative- and positive-frequency solutions are always 
orthogonal, i.e. 


* ° a 
| ftx(2) in frw(z) dr = 0. 
Our free particle will be described by a plane wave 
in) =e“ ko ike 


Substituting this into (1.56), we obtain the normalization condition for 
the amplitude f(k): 


f (k) f*(k’) 2ko (277)°6(k — k’) = (2n)96(k —k’), 
which gives f(k) = 1/./2ko and 


f+x(z) = 


(1.57) 
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The plane wave f(x) describes the freely propagating photon with mo- 
mentum k and energy ko = |k|. 

In fact, it is not quite photons that we have been discussing so far, 
since photons are vector particles (i.e. they are described by the four- 
vector potential A,,). Let us now repeat our previous considerations for 
genuine photons. We again separate the positive- and negative-frequency 
parts of the solutions of the d’Alembert equation for A,: 


DA, =0. (1.58) 


We start from the real classical potential A, and look for a solution in 
the form 


A, (2) = eo = [ au(k)e** + af (ke)et** | (1.59) 
Substituting (1.59) into (1.58), we get, as before, 
k= == 0 gor ie kh, 


Hence, the wave function of a photon with ko = |k} can be written as 


= —ik, 
Py(z) = Qn3 ay, (k) e™* “ | _ (1.60) 
For a normalized state with momentum k we find 
ey (k) 
k) = =, 1.61 
Ay ) /2ko ( ) 
where e, is a unit polarization vector. The derivation is the same as 
for (1.57). 
The Lorentz condition leads to 
OVn _ _; dk kyey(k) enike _ 9 
ODy Chae 2ko ; 
i.e. 


ky, €,(k) =0. (1.62) 


This is the condition for the four-dimensional transversality of the pho- 
ton. What does it mean? Generally speaking, one can introduce four 
independent unit vectors e in four-dimensional space. Due to (1.62) 
there remain three independent vectors, orthogonal to k,,. However, since 
k? = 0, one of these vectors will be proportional to the four-vector k,, 
which is ‘orthogonal to itself’. In other words, in Minkowski space (as 
opposed to the case of Euclidean metrics) it is impossible to construct 
three independent vectors which are orthogonal to a light-like vector and 
differ from it. 
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Indeed, let us choose the reference frame so that 
k | Zz ) i.e. ky _— (ko, 0, 0, kz) ; ko = ke ° 
Two vectors, orthogonal to k,, are 


ef) 


(0, 1,0, 0) = (€0, Cx, €y, &z) ; 
en) Ue Oe 


while the third vector ef?) is parallel to k,. (Indeed, given ko = k,, from 
koe - k,l?) = 0 immediately follows e) = e!) ) Consequently, both 
vectors e(?) and k, have the form (a,0,0,a), ie. they differ only by a 
numerical factor. This third polarization (the so-called longitudinal po- 
larization) does not count, however, as a degree of freedom of the photon. 
The term in the potential corresponding to a\?) (ke el?) (k)/V2ko « ky 
does not enter the gauge independent electromagnetic field strengths, E 
and H. 

For a real photon, we can always get rid of the polarization (3) x Ky 
with the help of a gauge transformation, and therefore its existence cannot 
affect any physical results. In reality, the Maxwell equations are invariant 
under the gauge transformation of potentials 

of 
A, = Ay + =—- (1.63) 
OD, 
This transformation does not violate the Lorentz condition, provided 
Of = 0. Introducing the Fourier representation of f(z), 


F(k) = f f(a)e™ dr, 


gives ; 
0 ak _». 
a = (27)3 ae (—iky) f(k) : 


This means that in momentum space the gauge transformation (1.63) 
leads to the transformation of the photon wave function 


dyu(k) > a,y(k) — ik, f(k). 


Since the gauge-dependent addition to the potential corresponds to e?), 
the contribution of the longitudinal polarization can always be turned 
into zero by the proper choice of f(k). 

Hence, the real photon has only two independent transverse polariza- 


tions. Although the photon spin equals one, only two of its spin states 
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(with projections of spin plus or minus one on the direction of motion) can 
contribute to physical hacmuatast This is a consequence of the photon 
having no mass (k2 = m? = 0). 

So, the photon wave function can be written as a sum of the two po- 
larization contributions, 


PE en CuK) ike 
ua & fap ae CH= =¥ | te ra AK(@)C(k,», 


en(k) 

with ° Ak L eo tke 

w () = og ° 
We come to the conclusion that the two spatial components of the vector 
potential A, should play the réle of the wave functions of transversally 
polarized real photon states. In order to construct the photon probability 
density in analogy with (1.54), we have to sum the product of the wave 
functions, ~/,7),,, over the vector index y. Given our agreement about the 
Lorentz space metric, ee ) ) = el?) ?) = —1, this implies contracting 
the two vectors with he nie sign in order to preserve positivity of p 
for physical spatial polarization states: 


p= (—9w)-¥ila) 2 v(2). 


We write the normalization condition for the photon wave functions ac- 
cordingly: 


—w f Cae) 2 ya (x) d (1.64) 
=o ee fe —k’) = 6),a,(27)°6(k — k’). 


The photon wave function we have thus constructed has a simple clas- 
sical interpretation. Writing the vector potential in the form (1.59) and 
calculating classically the mean energy of the electromagnetic field, 


2 H?2 
/ eee), 
Viel 2 


we conclude that the normalization of our amplitude a, corresponds to 
having exactly one photon in a unit volume. 


1.5 Photons in an ‘external field’ 
1.5.1 Relativistic propagator 


Let us try to find the propagator for a relativistic particle which is de- 
scribed by the positive-frequency wave function f;(x). (For the time 


26 1 Particles and their interactions 


being, we shall again suppress the indices.) 
In non-relativistic theory, we have obtained the propagator in the form 
of a sum over all eigenfunctions, 


KG, 21) W,,(xz2) UF (21), _ (1.65) 

nr 
in such a way that the evolution of the quantum system is described by 
U(r2) = J K(e2,21) War) dry,  2;= (6,11). " (1.66) 


In relativistic theory there are two additional considerations: 


(1) The time-derivative of the wave function should be included along 
with WV in the propagation law, since together they determine the 
initial state. 


(2) Since we have chosen the positive-frequency solution of the d’Alem- 
bert equation to represent the wave function, we should take care 
not to generate negative frequencies when the propagator is acting 
on the initial wave function V(z}). 


Let us try to write the relativistic propagator in a form analogous to (1.65), 


K(@2,41) = >) fe a (1.67) 
n 
and alter the propagation law (1.66) in the following way: 
eae é 
ft (a2) = [ K(2,21) 7 f*(a1) Bry. (1.68) 


It is easy to check that equations (1.67) and (1.68) properly describe the 
evolution of the wave function of a relativistic particle. Since any wave 
function can be expanded as a superposition of stationary states f,*, it 
suffices to check the propagation of a single stationary state. Taking 
into account the relativistic orthogonality condition (1.56), for f*(2,) = 
f;£ (a1) we obtain 


a 


*(@2) = 3 F(a) sie v1) ig f(t) Pn = fi (we). (1.69) 


In the non-relativistic case we had a relation analogous to (1.69) with the 
propagator (1.65) and an orthogonality condition (1.55). 

The fact that (1.68) contains the time-derivative is in accord with the 
d’Alembert equation being of second order in time: it provides the solu- 
tion with given initial conditions, i.e. with given values of the function and 
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its time-derivative at the initial moment of time. We conclude that (1.67) 
properly evolves the photon wave function, that is an arbitrary positive- 
frequency solution of the d’Alembert equation. At the same time, it does 
not propagate (and does not generate) any negative-frequency states. 

Let us calculate the propagator of a free relativistic massless particle. 
Since we already know the normalized wave function 


etka 
hFA a= 
V 2ko 


inserting it into (1.67) immediately gives us the propagator: 


ak e—tk(x2 —Z1) 


Sa Be 


he sk. (1.70) 


Our propagator is relativistically invariant. To see it explicitly we use the 
relation 


1F@) =D peyile- i Fla) =0 


to write 4 
d k 2 —ik = < 
K (29,21) = (ony3 6(k?) e~ (2-28) 9 (ko) . (1.71) 
(The step function 6(ko) is inserted in the integrand to avoid the unwanted 
solution kg = —|k|.) The four-dimensional integration d*k, the variables 


k2 and k,,(#2 — 21), entering (1.71) are manifestly Lorentz invariant. So 
is the sign of the energy: the sign of the zero-component of k,, does not 
depend on the reference frame for light-like (and time-like) four-vectors, 
k= 0. 

Thus, we have managed to construct a relativistically invariant prop- 
agator K(z2,x1) in spite of having restricted ourselves to positive fre- 
quences only. It is easy to see that K(22, 21) satisfies 


Gok (£9, 71) = 0 (1.72) 


(where Oy means the d’Alembertian in 2): substituting (1.71) into (1.72), 
we get 


[at n5(R) ten. 


1.5.2 Relativistic interaction 


We now try to introduce an interaction V(z) into our relativistic picture. 
Similarly to the non-relativistic case, we would like to write something 
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within the logic of ‘free propagation — point-like interaction — free propa- 
gation’, : : 


[K@ —2)V(2) K(x — 21) d*zx, (1.73) 


corresponding to the graph 


T1 x r2 


In the non-relativistic case we have added to this expression the condition 
t; <t < t to ensure that the particle was first created and only afterwards 
did it interact. This was achieved by introducing the Green function 


G(xq— 21) = O(te — t1) K(aq — 21). 


One might wonder if imposing such a condition is possible in relativistic 
theory, in which the amplitude (1.73) has to be relativistically invariant. 
Generally speaking, the time-ordering condition t; < t is not relativisti- 
cally invariant. It is invariant only for time-like intervals (x — 1)? > 0, in 
which case the time sequence of events does not depend on the reference 
frame. If K(x — x1) were different from zero only for (x — z1)* > 0, we 
could impose such a condition. However, K(x — x) does not vanish for 
space-like intervals (x — x,)? < 0 (see (1.71)), and therefore t > t; makes 
no sense: insisting on t; < t < tg would lead to a non-invariant expression 
for the transition amplitude. 
Our reasoning can be checked directly. Let us write 


G = 0(t2 — t1) K(x2 — 21) 


and see what equation this function will satisfy. Acting with the d’ Alembert 
operator on G, we obtain 


of z OK 000K 676 
=z — V2 | G(z) = O(te —t1) | => — V2 ee ee 
( 5 ) (x) = O(te — t) | ae aK] ‘are BET an 


In this expression the first term in the right-hand side is zero because of 
(1.72), while the other terms are obviously not relativistically invariant. 
Thus the condition t; < t < tg is incompatible with Lorentz invariance 
and is therefore meaningless. In principle, we could try to look for some 
other function K such that the product 0(t2—t1)-K (x2—21) would satisfy 
a relativistically invariant equation. The ‘new propagator’ K, however, 
would inevitably generate negative-frequency states. 

Hence, we have failed to reconcile two conditions: 


(1) The propagator should contain only positive frequencies (because 
only in this case is the probabilistic interpretation possible). 
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(2) The interaction should take place at time t between ¢; and to (i.e. 
the requirement of causality). 


Which of the two to sacrifice? Giving up the first requirement would 
mean abandoning the probability interpretation of quantum mechanics. 
For this reason, we had better look for a way to reconsider causality as 
it is formulated in the second condition. Could not, for example, the 
interaction occur before time t; when the particle was born, as shown by 
the graph? 


ty 


V to 
t 


(Hereafter we will assume that the time axis is directed from left to right.) 
Indeed, the interpretation of this graph can be changed. Let us say 
that it corresponds to the creation of two particles at time t, one of 
which disappears at time t;. In this case the causality remains valid, and 
diagrams of this type are meaningful. 
The new interpretation we are looking for beeomes even more trans- 
parent in the case of two interactions, 


ve t to 
—$_ > ———__6 7 


If t’ < t, this diagram can be rearranged similarly to the previous one: 
r,t) 


r2, to 


V. V 


ae ae 


Now we are ready to interpret it: at time t’ two particles were created, at 
t a particle propagating from ri and one propagating from r’ annihilate, 
and at to there remains only one particle. (Here the particle we detect at 
to is actually not the particle that was created at t; but, then again, how 
are we to distinguish them?) 
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Such an interpretation is possible if we assume that the propagator, 
in the presence of interaction, includes the processes in which several 
particles can be present simultaneously. Hence, in order to be able to 
introduce the interaction in relativistic theory, one has to abandon the 
idea of conservation of the number of particles. This goes in line with the 
fact that we have not succeeded in introducing a positively definite local 
probability density (recall the discussion, page 22). The non-conservation 
of the number of particles, i.e. the possibility of their production and 
annihilation, does not contradict any fundamental principles since, due 
to the uncertainty relation AEAt ~ 1, any number of particles can be 
created for a short time interval. 

Obviously, we can interpret K(t,t,) for t < t; as a function propagat- 
ing the particle from t; to t only if K(t,t1)|:<z, equals K(t,t1)|t2, with 
the same value of |t — t;| (we assumed that identical particles propagate 
forward and backward in time). To satisfy this condition the propagator 
has to have a discontinuity at t = t,;. As a result, this function will no 
longer satisfy the homogeneous d’Alembert equation (1.72), but will turn 
out to be its Green function. 


1.5.3 Relativistic Green function 


We need to find the Green function of the d’Alembert equation, 
OG(z) = —-i6(z), (1.74) 


and establish its connection with the propagator (1.71). Let us represent 
G(x) as the Fourier integral 


Gan = / 0k its G(k) (1.75) 
(27) 4% : : 
The corresponding representation for 6(zx) is 
it 
PY Grae —ike 
(x) / (anyt° ; (1.76) 


Substituting (1.76) and (1.75) into (1.74), we get 


d*k 


me = REN tka — —ikx 
- / On ee ae ae 
which leads to 
4 | 
Gtk) = 72° Glee. 
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Thus, 
cee 1 
G(z) = - / a= e ht 
(x) (on)ti € (2 (1.78) 


The integrand in (1.78) has two poles in kg, namely, kg = +|k|. To make 
the integral (1.78) well defined, the poles should be shifted from the real 
axis. There are four possibilities for shifting the poles from the real axis 
into the complex plane, shown in Fig. 1.1. 


Fig. 1.1 


We will consider only the two possible configurations of poles and two 
respective Green functions that are especially important to the theory. 


(1) Both poles are in the lower half-plane (marked as o). In this case, 
if t < 0, the contour has to be closed in the upper half-plane, and 


Gr = 0, t< 0: 


If t > 0, the contour has to be closed in the lower half-plane, and 
we have 


ak eklttik-r dk etlkitt+ik-r 
Sd | / 


eee eee. > 0. 
(27)? —2|k| (27)3 — 2|k| 


The retarded Green function Gr contains negative frequencies and 
therefore does not suit us: we cannot use it to describe propagation 
of relativistic particles. 


(2) The pole on the negative axis is shifted upwards, while that on 
the positive axis is shifted downwards (marked as x). If ¢ > 0, the 
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contour is closed in the lower half-plane (see Fig. 1.2), and we obtain 


ek eWitklttik-r : 


while for t < 0 the corresponding expression is 
ak eilklt+ik-r 
(ans 2k] , 


(1.80) 


Fig. 1.2 


Comparing (1.79) with (1.70), we discover a remarkable fact: for t > 0 
our Green function coincides with the relativistic propagator (1.71), while 
for t < 0 it contains negative (and only negative) frequencies. Moreover, 
the phase in the exponent is always negative (—2|k|t for t > 0 and +i|k|t, 
t > 0), and 
G(x) = G(-2), —x = (-r,-t). (1.81) 

We may say that G propagates positive (and only positive) frequencies 
forward in time, and negative (and only negative) frequencies backward in 
time. This Green function is called the causal or Feynman Green function. 
As we shall see below, it is this function which describes propagation of 
relativistic particles in a truly causal manner. 

Position of the poles in the Feynman Green function can be described 
in terms of the substitution k? — k? + ie in the denominator in (1.78). 
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1.5.4 Propagation of vector photons 


What will change in the previous analysis when we take spin into account? 
The wave function of the photon is a vector fra In this case the 
propagator will depend on the spins of the initial and final states and 
become a Lorentz tensor, K = K,,. It is straightforward to verify that 


Kyw(02,21) = > Y> fa(@2) (f(a) (1.82) 


m A=1,2 


properly propagates stationary photon states f7. The equation for the 
photon’s Green function Duy will change accordingly: 


ODy(r) = t guy 6(z) , (1.83) 


where we have chosen the sign of the right-hand side such that for the 
physical — spatial - components (g;; = —1) it coincides with that in (1.74). 
Thus, 
d‘k e tke 
D = —- : 


The infinitesimal imaginary part ze shifts the poles in the right direction. 
Indeed, k? +ie=0 > kyo = Vk? — ie — +|k| Fie. For t > 0 (1.84) 
gives aaa! Oa 


ak eatke : 
Dy(2) = —9pv (Qn)3 Qk)’ t>0, ko=|kl. (1.85) 


This function does not completely coincide with the propagator (1.82), 


since in ‘ ws 
Chee " 
aa = ee Ocoee dk 
pv (2) (2n)3 2\k| De Sur 


the summation goes only over the two physical photon polarizations, while 
the metric tensor g,, in (1.85) ‘propagates’ all four independent polar- 
ization vectors, 


3 
| ee Ser en : (1.86) 
A=0 


This means that (1.85) misses the fact that there are only two indepen- 
dent polarizations. We must correct the Green function. On the other 
hand, Dyy is the only solution of (1.83), and it seems impossible to alter 
anything on the right-hand side of the equation without losing relativistic 
invariance. 

What is the nature of the problem? We wanted to have two polariza- 
tions in K,,,, while in Dy, there are four. This means that we have come 
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to a contradiction with gauge invariance and/or the Lorentz condition. 
There is nothing strange, however: for an arbitrary interaction potential 
neither gauge invariance nor the Lorentz condition has to hold. To pre- 
serve them, a certain condition should be imposed on the interaction! In 
classical theory the situation was the same. A solution of the Maxwell 
equation, 


cannot be found for an arbitrary j,. It exists only for the conserved 
current, 
\ O ‘ 
aa = 
Oy 


Current conservation follows from the antisymmetry of Fy: 


Let us return to comparison of the propagator and the Green function. 
The propagator was constructed for real photons k? = 0, while the Green 
function contains four integrations over kj and k, so that the virtual 
photon is, generally speaking, ‘massive’: k? 4 0. For k? 4 0, the Lorentz 
condition k,e, = 0 determines not two but three independent vectors 
which do not coincide with k,, itself, and we can include all of them in the 
sum over polarizations in the Green function. These polarizations are: 


AA ale 
Cuey = —Iw> 


(ela. L(At)hy — Kru] [(kr)ky — kPrs] 
we oy k2 [ (kr)? — 272] 
2 2 
ke "Ike? 


where iio is the unit tensor in the (z, y) plane orthogonal to k = (0,0, kz), 
and 7 is the unit time-vector, 7 = (1;0,0,0). Together with the ‘scalar’ 
polarization contribution, 


ech = EX 


they form the full metric tensor in (1.86). 
Thus, the only way we can improve our Green function (1.84) is to 
include the sum over three polarizations instead of two. It may be cast 
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in a relativistically invariant form, 
2 
ek 
nee = ~ 9p +E (1.87) 


as the sum over all four polarization states minus the contribution of the 
scalar polarization el?) parallel to k,,. 


Such an improvement may look rather dangerous, because our new 
Green function, 


~ d'k e tks k k 
ee a eee | 
wy() | (27)4i —k? —ie | ye ow ’ (1.88) 


has acquired an additional singularity at k? = 0. This should not worry 
us too much. To prevent production of longitudinal real photons we have, 
in any case, to organize the interaction in such a way that the terms in 
the Green function that are proportional to k,, k, would not contribute 
to the observables. As a result, the singular term « k,k,/k? in (1.88) can 
be dropped altogether. 

By doing so we would return to the sum over all four polarizations, as 
in (1.84). This, however, can be tolerated now: imposing the condition on 
the interaction (current conservation condition) syppresses the production 
of both scalar and longitudinal photon states, so that only two physical 
polarizations in g,,, in (1.84) give non-vanishing contributions on the mass 
shell. Indeed, the contribution of ‘superfluous’ polarizations is 


awe” a ee” = Ee -k? + terms proportional to k,, and/or k,. 
The terms « k,,k, do not contribute due to conservation of current (the 
condition we will have to impose on the interaction), while the remaining 
term vanishes for k* = 0. It is responsible for the instantaneous Coulomb 
interaction between charged particles, which is described in our language 
by an exchange of virtual longitudinally polarized photons. 

It is easy to see that, whether we choose to sum over four, as in (1.84), 
or over three polarizations, see (1.88), the photon Green function satisfies 
a symmetry relation similar to (1.81): 


Dive =eD)>,(—x). (1.89) 
This means that D,,, describes not only the process 
ae | 


SE 
ii] Z2 
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(the creation of a photon at x; and its disappearance at x2), but also a 
process which goes back in time: 


to < ty 
ee 
2 Zi 
The latter can be interpreted as the creation of a particle at the point r2 
and its propagation to x; and, according to (1.89), this particle is identical 
to a photon. Examples of the processes with different time ordering were 
given by diagrams on page 29. 
Let us summarize what we have obtained so far. We have constructed 
the photon wave function 


A pike 
en (e 


Yu =~ Toy 


and the Green function 


d*k etkr 
Dy (&) = Quv (Qnyii eo 


In addition, the wave function 
U(x) = ae = ae ’ 


and the Green function 
d‘ —ipr 
6@) = | = — 
(27)*i P- — ng —ie 


of a non-relativistic particle are known. This is already sufficient for the 
construction of quantum electrodynamics (QED) of non-relativistic parti- 
cles, equivalent to the usual quantum theory of radiation. It makes more 
sense, however, to construct the electrodynamics of relativistic particles, 
which in the non-relativistic limit reproduces the non-relativistic results. 
For that purpose, let us consider massive relativistic particles. 


1.6 Free massive relativistic particles 


A free particle at rest can be characterized by two additive integrals of 
motion: the energy, which is equal to the mass m of the particle, and the 
internal angular momentum - the spin J. We shall classify all particles by 
their masses and spins. We have to construct a theory for free particles 
of arbitrary masses and spins, moving with any velocities, i.e. having 
arbitrary momenta p. 
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In order to understand which features of the theory are connected with 
relativity and which ones with spin, let us begin with spin zero particles 
J = 0; as is well known, there are many particles of this type, e.g. the 
pions (7, 7°, n+), with mass m ~ 140 MeV. 

Classical relativistic invariance leads to the relation 


E? = p*+m? (1.90) 


between energy E and momentum p. Correspondingly, a quantum me- 
chanical particle with momentum p is described by the wave function 


U(r) ~ ef Tet (1.91) 
where E and p are related by (1.90). 


Let us find an equation for the wave function in (1.91). Consider 


0? 2 2 
Substituting (1.91) into (1.92), we get (1.90), i.e. the classical equation 
(1.90) corresponds to the quantum mechanical equation (1.92). Trying to 
introduce the probability density p(x), we face the same difficulties as in 
the case of the electromagnetic field: , 


p(x) #|V(z)|?, and fix@r d°r # const. 


Again, wig which satisfies the equation of continuity 


5 [reogorn = div i[U*(2) VU(z) — W(z)V¥*(z)| (1.93) 


is conserved, and 


p(z) = W(x) i= Wy (a) (1.94) 


is the only possible expression that we can take for the probability density. 
Here W, is the positive-frequency solution of (1.92) corresponding to E = 
/p? + m?, and W_ is the negative-frequency solution, which corresponds 
to E = —,/p? + m?. 

Henceforth, we shall write Yi = W. In the case of the stationary state 
U(r) = U(r)e***, the function p(r) plays the réle of the probability 
density 

p(r) = 2E |¥(r)|° 
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in the same way as for the photon. Similarly, we can introduce the wave 
function 


e7 pr 
a, Vp? + m? (1.95) 


and the Green function 


—ipxr 


d*p e€ 


3 1.96 
J (21)4i m2 — p? — te oe 


Ge) 


for a free particle. (In fact, in the integral representation (1.84) for Dy,(x) 
the squared momentum enters with the same negative sign as in the in- 
tegral representation (1.96) for G(x). This is because only the spatial 
components of g,,, are effective for the photon, and gi; = g22 = —1.) As 
before, 


G(z) = G(-z). 
It also follows from (1.96) that for t > 0 
Bp e7tv P?+m? t+ip-r 
(27)3 2./p? +m? ° 


i.e. positive frequencies propagate forward in time. 


Go) 


1.7 Interactions of spinless particles 


How can an interaction be described in relativistic quantum theory? 
There is no potential, there are no forces — all these are entirely non- 
relativistic notions. Moreover, the field is also represented by particles 
(‘quantized’). Thus, we have nothing but various particles characterized 
by their masses and spins. 

Let us consider two spinless particles with different masses m; and m9; 
their wave functions are V;, V2. The Green function of the first particle 
is represented by a solid line, that of the second one by a dotted line: 


Ly Zo = Gil2 — 21); 


wa Go(x4 — x3). 


If these two particles interact, what will happen? If we assume that 
there are no other particles around, for point-like objects there is only one 
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possibility: they collide and scatter at a point z, as is shown in Bigwile3. 


Ly L4 


Fis 43 


How do we write the amplitude for this process? Following the picture 
(two free particles propagate from 21,23 to the point 2, interact, then 
propagate to x2, 24) let us write 


G}2(X2, 4; 21,23) (1.97) 
= f Gi (a2-2)Ga(21-2)V (Gi (wm G20 a), 


g 


where V(z) is an interaction amplitude. This amplitude cannot depend 
on any relative coordinates because we have assumed that the interaction 
is local. Moreover, due to homogeneity of space-time, it cannot depend on 
the position of the point where the particles meet either. Consequently, 
V(x) = const = . Thus, we obtained a definite expression for the transi- 
tion amplitude which contains only one overall unknown constant factor. 


The integration in (1.97) goes over all points x in space-time. In the 
region 


tps << | = bot 


the interpretation is clear. We know, however, that it is impossible to 
maintain a restriction on the region of integration since in the relativistic 
case G(At) does not vanish for At < 0. Other regions will contribute as 
well, e.g. 


ty << Es ia. A 


In the latter case our previous interpretation of the process does not make 
sense literally, and it is natural to redraw the space-time diagram as shown 
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in Fig. 1.4. 


ase 


\ Fig. 1.4 


This means that a particle propagates from x; to the point x where it 
decays into three particles as result of the interaction. In other words, 
due to relativistic invariance, the process described by Fig. 1.3 can only 
be considered together with particle creation processes like Fig. 1.4. The 
reason is that the integral (1.97) necessarily contains an integration re- 
gion where the process can be interpreted only if we accept particle non- 
conservation. But this is exactly what happens in nature! As we have 
discussed in Section 1.5.2, non-conservation of the number of particles is 
a highly non-trivial fundamental consequence of relativistic theory which 
is confirmed by experiment. 

Let us look at the particle production process in Fig. 1.4 and try to 
write its amplitude according to our rules (propagation of particle 1 from 
x1 to x, point-like decay, propagation of particle 1 and two particles of 
type 2 from x to their final destination points x2, 73 and 24): 


G(a2, £3, £43 21) 5 x ’ (1.98) 
= [a (xo — ©)Go(43— ©)Go(x4 — 2) V(x) Gi(a — 21) d*z, 


where V(x) = \ is a space- and time-independent decay amplitude. On 
the other hand, as we already know, this process is also contained in 
(1.97), so that for the same values of the coordinates x; (1.97) and (1.98) 
must coincide. Comparing them we observe that all the elements of the 
two expressions match except the Green functions G2 connecting the 
points x and 23. However, these two elements are also equal due to 
the symmetry Go(r3 — x) = Go(x — 23), and we derive 


Na. 


We see that the expression for the amplitude of a scattering process in 
a region with ‘strange’ time ordering coincides with what we could have 
expected for a completely different process ~ that of particle creation. The 
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very existence of a scattering process represented by Fig. 1.3 implies the 
existence of a number of other processes. Among them are the ‘decay’ 
process like the one in Fig. 1.4, or the process of annihilation of two 
particles of the first type into two particles of the second type (Fig. 1.5). 


Ly L4 
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r2 x3 
Fig. 1.5 
Thus, we conclude: 


(1) Due to the symmetry of the Green function, processes of particle 
‘transmutation’ and ‘decays’ arise automatically from the ‘scatter- 
ing’ process shown in Fig. 1.3. 


2) The amplitudes \ of all these processes are eqfual, i.e. we derive from 
p 
the requirement of Lorentz invariance not only existence of different 
processes, but also the connection between them. 


For consistent interpretation of such processes it is necessary to as- 
sume that the function G(x —.2,) describes propagation of a particle 
from xz; to z, when t, < t, and from & to 21, when ft; > f. 


aaa 
w 
= 


Let us see what will happen if the particles interact more than once as 
shown in Fig. 1.6. 


Ty T2 
ee < or < 12,24. 
r3 v4 

Fig. 1.6 


Is this all? In Fig. 1.6 we supposed that it was the particles coming from 
z1 and x3 that met at x. An alternative double interaction picture is 
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shown in Fig. 1.7. 


Ly XQ 


Lies < 0,2 <i, oe 


23 4 
Pisa. 7 


This diagram describes a process which is essentially different from the 
first one. The new diagram cannot be reduced to that in Fig. 1.6 by 
moving the interaction points: the two pictures are topologically differ- 
ent. Our process can go now via two independent routes. Therefore, the 
expressions corresponding to Figs. 1.6 and 1.7 should be added as the 
amplitudes of independent quantum processes to give the full transition 
amplitude 1 + 2 — 1+ 2 in the second order in X. 


The particles attached to points x3 and x4 are identical. The question 
is whether our scattering amplitude is aware of it. As we have already 
explained, due to relativistic invariance we can freely play with the time 
coordinates, looking at the diagrams with different ordering of times in- 
volved. Let us choose 


Z1, 22 < 23, %4, 


which is equivalent to looking at the graphs Figs. 1.6 and 1.7 ‘from the top’ 
(changing the time-arrow from the accepted horizontal to vertical). By 
doing so we come to the transition process 1+ 1 — 2+2 with two identical 
particles in the final state. The total amplitude we have obtained by 
summing Figs. 1.6 and 1.7 is then automatically symmetric with respect 
to transmutation of particle coordinates: under the replacement x3 <> 24 
the diagrams Figs. 1.6 and 1.7 interchange, and their sum remains the 
same. (This is a hint for the future relation between particle spin and 
statistics. ) 


Having designed the fundamental interaction we can now multiply the 
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particles in arbitrary numbers: 


etc. 


We have considered a theory with two species of particles merely for 
convenience, to make it easier to see how the diagrams transformed under 
different time orderings. We can construct the relativistic interaction 
having only one sort of particle at our disposal. Again, we may take four- 
particle interaction as the primitive process, which contains scattering 
and decay configurations: 

D4 


LY Ly 


fy 
£3 


2 1) 
D2 


Is a three-particle interaction 


L2 


Lj 


£3 


also possible? As a real process, the decay of a particle into two is forbid- 
den by energy-momentum conservation. For finite time intervals, how- 
ever, its amplitude is different from zero and we can use it to describe 
scattering of real particles which interact by exchanging a virtual particle. 
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In the lowest order (two interaction vertices) the topologically different 
diagrams describing scattering of two particles are 


ty £ £3 a zx __-&4 
x2 x! 4 x2 an 23 
and ‘ \ 
‘N 
L r4 
r3 Z4 


To obtain the total scattering amplitude one has to sum the amplitudes 
of these three processes. 
We see that it is unnecessary to take as an elementary interaction 


(which is kinematically ailowed as a real process). One can de- 


scribe everything with the help of a triple vertex ae , the simplest 
kind of interaction between identical particles. 
Let us study three-particle interaction in more detail. The correspond- 


ing amplitude is * . © 
1 
zi 
t3 


Gao, 73) 2 )\= [ee — 2) G(r3 — 2) y G(x — 2) d*z. (1.99) 
Inserting the Fourier representation (1.96) for the Green functions, we get 


d‘p,d‘pod*p3 i 
G(Z2, £3; 21) = 7} — Tass (ee 
[(2m)4i]3 (m2 — pt)(m? — p3)(m? — pa) 
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g / dt re—iP2(v2—x) ~ips(w3—2)—ips (221) 


/ d*p; d*pod*p3(2m)*6(p2 + p3 — p1) 
[(2m)44]3(m? — p2)(m? — p3)(m? — p2)° 


= [ eee? ony! 6(p2+p3 —p1)G(p1, po, p3)e” P22 373 tp z1 


e tP2 L2—1p3r3+ipi zy 


where 6(p2 + p3 — pi) reflects the energy-momentum conservation. The 
Green function in momentum space is extremely simple: 


G(p1, p2,P3) = y G(p1) G(p2) G(p3) . (1.100) 
The corresponding diagram in momentum space is 
P2 
Pi 
P3 


The expression (1.100) describes virtual particles, since the on-mass- 
shell conditions p? = m? cannot be satisfied by all three momenta si- 
multaneously. As a result, the corresponding amplitude G(x2, x3; 71) 
in coordinate space vanishes exponentially in the limit tf; — —oo and 
tg, t3 —- +00 which would correspond to the real decay of a particle into 
two. 

To prove this, let us integrate over p3 in (1.99). We obtain 


G(x2, 23; 21) 
a pod* Pi e'P2(£3—£2)+ipi (x1 —23) 


4 
eneap” Groner =n _Git 


Note that in the region of integration in (1.101) there is no point where 
all three denominators vanish. As a result the integral at t; — —oo and 
to,t3 — oo cannot be written in the form of a momentum space integral 
of the product of the initial and final real particle wave functions and a 
finite momentum space decay amplitude.’ This means that at large initial 
and final times all three particles cannot be real simultaneously and the 
real decay cannot occur. 

The possibility of a real decay of a particle into two is governed by 
energy-momentum conservation. For identical particles, such a process is 


(1.101) 


§ Compare with the discussion of the S-matrix and especially equation (1.131) below. 
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forbidden, though a sufficiently heavy particle 1 can decay into two real 
light particles 2 and 3 provided m1 > m2 + m3. 


1.8 Interaction of spinless particles with the electromagnetic 
field 


Now consider the interaction of a charged particle with a photon. We 
know the free Green functions of electrons and photons: 


=, - 0) 
\ 
£3 v4 uv 4 3) 


How might they interact? The simplest picture which comes to mind is 


3 


LY £ £2 


As we already know, it is not a real process since the corresponding am- 
plitude vanishes in the limit 71 — —oo, r2,73 — +00. Still, it can be 
taken as the basic building block for constructing the interaction between 
charged particles and photons. 

The photon is a vector particle and its interaction may depend on the 
photon polarization. Therefore, the interaction amplitude [, should bear 
the vector index v. The four-vector amplitude for the emission of a photon 
takes the form 


Gpl@eneeney) = | Pavlos — x) G(a2 — x) T(x) G(@ — 2)d*x. (1.102) 


As before, [', should not depend on the position z,,. On the other hand, 


it is a four-vector, and the only such vector we can invent besides z,, is 
0/0xz,,. Hence, 


G(ar2q — 2), (x)G(a — 21) 
OG(x = £1) a Fs OG (x2 = ) 


= aG(x2-2) a or 


G(x ao £1) ; (1.103) 


where a and 6 are arbitrary constants. (We do not need to differentiate 
the photon Green function D,,,,(z3—«) because this derivative can always 
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be traded for differentiation of the functions G using integration by parts 
in (1.102).) 

We have to impose an additional condition on the interaction to exclude 
the two unphysical polarizations which are present in Duy & gyy.The 
electromagnetic field has to satisfy the Lorentz condition at the point 23 


(at least for x3 # x1, 72, see below), and therefore we should have 
OG ; 
OGu(t3, 22521) _ 9 (1.104) 


Since the amplitude G,, depends on x3 only via Dy, it suffices to differ- 
entiate D,,, in (1.104), which gives 


OD (we — 2) _ | d*k nana ut neers a der 
Or3y, 7 (Dealt i 


The ——~ ky, en = 0 is valid only for three vectors e* (A = 1,2,3), 


while ke # 0. To satisfy the Lorentz condition at x3, the contribution 
of the scalar polarization e) should disappear from (1.104). Effectively, 
this is a condition on the interaction vertex I’, imposed by current con- 
servation. 

Let us calculate the divergence 0G, /0x3,, starting from the definition 
of the amplitude given in (1.102) (Duy = guvD(a)). 


OG, (x3, £2; 21) ij OD(x3—2) , 4 
SSNS) 22571) Se OG see Tee 21)d 
= Gu ae G(22-—2)T,G(a2—2)) d*z 
7) n 
= | Dles—a)5—(Gle2-a) ,G(e—n)) 4 2. 


(1.105) 
Here we used 0D(x3 — x)/0x3, = —OD(x3 —x)/Ox, and integrated by 
parts. 
The expression (1.105) equals zero for arbitrary x3 provided that 


= (ct: —sz)I, G(e—)) =). (1.106) 
ed 


Thus, we have a condition on the interaction. To specify it, we insert 
(1.103) into (1.106) to get 


5 (Glan - aT (2)G(e - 21)) 


OF py 
OG(x2 — rz) OG(x — 21) OG(xr2 — x) OG(ax — 71) 
Src A domed RSAC AW Ae WS Slo a pel Sc 
OF, Oly Oly Oy 
2G(a - O°G (x2 - 
swt, ee ae, 


Ox? Ox? 4 
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Because 07G(z)/ Ox? = —m?G — i6(x), the terms containing masses will 
disappear together with the first two terms on the right-hand side, if we 
put a = —b. The remaining piece, 


(GT ,6) = a[G(x2 — £1)(—1)6(a1 — x) — G(xq — 21) (—1)6(x — x2)], 
p 


differs from zero only when either x = x; or x = £2 and corresponds 
to photon emission at the very moment of particle creation (absorption). 
Strictly speaking, one should consider these situations separately, adding 
to the main process pictures of the type: 


£3 
+ emission from x2 


al £2 


in order to preserve the current conservation exactly. This additional 
piece, however, never enters physical processes. The charged particles 
one studies in real experiments are prepared long in advance so that the 
photons which might have been created then do not affect the measure- 
ment (do not hit detectors). 

So, our best choice for the photon emission vertex is 


| 3 , 
Tyla) = 7 . (1.107) 
vi 


and, respectively, 


a 


Gp nemo 1 [ D(es=2) [ot _ 2) -Gla - 3) d‘x. (1.108) 
u 


We shall associate this amplitude with the diagram given in Fig. 1.8. 


T3 


Lj M x2 


Fig. 1.8 
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The theory we have developed so far is not quite satisfactory. Consider 
the region of integration in (1.108) where t1, t2 < ts. This corresponds to 
the graph given in Fig. 1.9, 


T} 


£3 


x2 
Fig. 1.9 


which describes two charged particles merging into a photon. What hap- 
pened to the electric charge which, as we know from classical physics, 
should be conserved? The picture makes no sense. 

There is also another contradiction, a formal one. Before, we were 
forced by relativistic invariance to suppose that the Green function G 
propagates the same particle forward and backWard in time. However, 
we know that the amplitude of a process involving identical spin-zero 
particles should be symmetric under their permutation (Bose statistics). 
Meanwhile, the amplitude we obtained in (1.108) is apparently antisym- 
metric under transposition x1 < 22 (due to the antisymmetry of the 


operator a/ O2,,). 

The way out of these contradictions is to make the hypothesis that for 
charged particles there is always degeneracy: for every charged particle 
there exists an antiparticle with the same mass. Since the Green functions 
of particles with equal masses coincide, this assumption enables us to give 
a different interpretation of the graph in Fig. 1.9, according to which an 
antiparticle rather than a particle is propagating from x2. In other words, 
G(x) describes the propagation of a particle if t > 0 and that of a different 
particle (antiparticle) if t < 0. 

Now, by ascribing to the antiparticle an electric charge equal and op- 
posite to that of the particle, we can rescue charge conservation. The 
diagram in Fig. 1.9 now describes a legitimate process of annihilation of 
two particles with opposite charges into a photon. 

What about the second problem? It seems to have disappeared, since 
the two charged particles in Fig. 1.9 are no longer identical, so that we 
do not need to bother about permuting their coordinates. Nevertheless, 
the antisymmetry of the amplitude gives us important information about 
the interaction constant y we introduced in the interaction vertex (1.107): 
the coupling constant changes sign when we replace a particle by its an- 
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tiparticle. This hints at the future identification of y with the electric 
charge of the particle emitting a photon. 

Indeed, let us consider an antiparticle which propagates from x2, emits 
a photon at x and then propagates to x1. For the corresponding amplitude 
we would write 


foes 


re) 
Ya: G(a1 — 2) a G(x — £2), 
bb 


where we used G, = G andthe subscript a refers to antiparticle. The 


same process can be described as photon emission by a particle by taking 
the reversed time sequence, tg < t < fj, 


mae 


1 Gl, ~ 2) > G(n 21). 
ye 


The latter expression differs from the previous one only in the order in 
which the differentiation of the functions G is carried out. Therefore, 


Na = Se 


The operator Ou is rather inconvenient to use for the photon emission 
vertex because we always have to keep track of the time ordering (which 
G stands on the right and which on the left from 9,) and whether the 
amplitude is written for a particle or its antiparticle (the sign of y). The 
annihilation diagram in Fig. 1.9 is the most confusing: which order for 
the two Green functions in G 9,,G to prefer and, correspondingly, which 
factor (y or Ya = —7y) to supply it with? 

It is useful to introduce arrows in the graphs and change the previous 
convention 0=9— 0 to fhe new prescription shown in Fig. 1.10. 

"0 

“ 


here I’, differentiates with a ‘plus’ sign 


here I’, differentiates with a ‘minus’ sign 


é “typ 
oJ “ 


Supplying the charged pauticle line with an arrow provides a convenient 
way to distinguish between particles and antiparticles. This enables us to 
see immediately if the differentiation is carried out with a plus or a minus 
sign irrespective of how the graph is oriented (that is, independently of the 
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time sequence of events). Within this new convention, photon emission 
by a particle and its antiparticle is described by expression (1.104) with 
the same parameter ¥. 

Existence of antiparticles, which has been confirmed by numerous ex- 
periments, is not a law of nature in itself. We have predicted antiparticles 
following the conservation of charge (a certain form of the electromag- 
netic interaction) and relativistic invariance. This prediction fits into the 
general pattern: Conservation — Symmetry — Degeneracy. In general, 
existence of antiparticles is always a consequence of conservation of some 
kind of charge (not necessarily electric). For example, existence of anti- 
neutrons is connected with baryon charge conservation, that of anti-K 
mesons with conservation of hypercharge, etc. 


1.9 Examples of the simplest electromagnetic processes 


For the time being we shall treat the simplest processes with the minimal 
number of interactions between photons and charged particles. But before 
that let us briefly discuss the rdle of higher orders. 


In addition to the process we fave considered above, 


photon emission could also occur as a result of more complicated pro- 
cesses, for example, 


Can we restrict ourselves to the simplest processes? Yes, if the prob- 
ability of more complicated ones is relatively small. To this end, let us 
compare the amplitudes corresponding to the two graphs above. 

The first amplitude is described by (1.108). For the second one we have 


A), (x3, £2; £1) = jf dtadta'd'e" D(x" — x) D(x3 — 2’) 
x G(aq—2"T _/(2")G(2" —2')T ,(2')G(a’ —2)TL(2)G(2—21). 


Compared to (1.108), here there are two more Green functions, two more 
vertices I’,,, one more D and two more integrations. The dimension of 
this ‘extra’ part is 


GGDI Tl Gamez ~ eee 
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Since the dimensions of both amplitudes should be the same, y must be 
dimensionless. Hence, it suffices to have y* < 1 to allow us to ignore 
more complicated processes and consider the simplest diagrams only. 


Let us consider the simplest processes with real charged particles and 
their diagrammatic description. 


\ 


1.9.1 Scattering of charged particles 


As we have already discussed, © does not correspond to any 


real physical process (a free electron cannot emit a real photon). What 
can happen with two charged particles? 


ead z 
(a) The particles do not interact 
2 D5 
Dy cg 
(b) Contact interaction between 
particles without emission or 
absorption of photons: 
Hy) Zp 


Whether such an interaction exists is an experimental question. It 
does exist for some particles, and does not for others. (For example, 
contact interaction exists for pions.) 


Existing or not, we shall ignore it anyway, because it has nothing 
to do with the emission or absorption of photons we are interested 
in. We will consider only electromagnetic interactions, i.e. we will 
assume that non-electromagnetic contact interaction is absent. (In 
fact, the field theory we are about to construct will be a simplified 
quantum electrodynamics of electrons and muons without spin.) 


(c) Scattering of charged particles via photon exchange. The simplest 
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diagrams with one photon exchange are shown in Fig 1.11. 


Ly Tl £ 7 


2 me H vas 


Fig. 1.11 


Both of these processes are possible, since after the emission of a 
photon at z the particle from the point z; can propagate to x4 as 
well as to x5. The amplitude can be written as 


G(ct, 222,21) = i de d‘2' G(2', — 2)0,G(2' — 2) 
x G(x — 2/\TLG(2' — 22) + {24 25}, 
~  . (1.109) 
where {x <— x5} denotes an expression identical to the previous 
one but with z/, and x), transposed. 


From the first diagram in Fig. 1.11 follows the existence of the graph 


, / 
ry eb): 


from the second diagram that of 
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These graphs correspond to the process of mt7™ scattering. Hence, the 
mn scattering amplitude (1.109) automatically contains the m7” scat- 
tering amplitude as well. The 1*7* scattering can be treated similarly, 
only in this case one has to put 29,259 < 210,220 and thus to reverse 
both lines: 


mt at 


\ 


mt ma 


Thus, once we have written the amplitude of m7 scattering, we au- 
tomatically obtain the m7? and 2 ~zx* processes. This is a powerful 
consequence of degeneracy, which itself resulted from relativity. The am- 
plitudes of these new processes follow immediately from (1.109). We only 
have to choose the initial and final times properly, that is, to redirect the 
lines of the original diagrams in Fig. 1.11. 

The xtnxt — ntxt amplitude is identical to the 7 71 — m7” am-- 
plitude, because the amplitude contains two factors [’,, and each of them 
changes sign when both particles are replaced by antiparticles. Unlike the 
case of scattering of particles with the same charges, the amplitude of the 
particle-antiparticle process 7*n”~ — tn” differs significantly from the 
two previous amplitudes, even though it is obtained from the same initial 
formula. This is due to the presence in this case of a new, physically dif- 
ferent, process where two incoming pions annihilate in the intermediate 
state into a virtual photon. 


1.9.2 The Compton effect (photon--meson scattering) 


Let us take a photon and a 7-imeson in the initial state. Again, they 
might not interact at all: 


TI Ly 


©2 Lp 
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If they do interact, the meson can absorb the photon at a point x and 
emit it at 2’: 


ba Hh 


—™~ 


£2 zr 
Alternatively, the meson can emit a photon at a point x and absorb the 
initial photon at 2’: 


L1 x, 


Hy) : D5 
Is a contact interaction possible as well? 


Zi Ly 


r2 Lo 


As we have discussed above (see Section 1.9.1), there is no a priori answer 
to this question. In general, its existence is an experimental problem. In 
electrodynamics, however, the situation is special. Here the interaction 
should satisfy conditions imposed by current conservation which forbids 
contributions of scalar and real longitudinal photons to any physical ob- 
servables. It turns out that, indeed, in the case of scalar charged particles 
current conservation requires the presence of such contact interaction. As 
we shall see later, the strength of this contact interaction is proportional 


to 7. 
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1.10 Diagrams and amplitudes in momentum representation 


We begin, as before, with the simplest diagram for photon—meson inter- 
action. 


23 


a) \ Ts x2 


The corresponding amplitude in momentum representation, i.e. the Fourier 

transform of G,(x3, 2; 71) is defined as 

d*pd*pod*k 
[(2)*2]* 


where the minus sign before one of the terms in the exponent is chosen 
merely for convenience. 


e ipititipatetikesG (p:,p.,k), (1.110) 


Gas 783; 21) = / 


1.10.1 Photon emission amplitude in momentum space 


Let us now calculate the momentum-space Green function G,,(p1, p2.k). 
Substituting the Fourier representations of the functions G and D in 
(1.108) we obtain 


dtp, d4pod4h 
[(2m)47]8 
x fg [emer Beinn 


Ly 


CM aesa7 21) = a D(k)G(p1)G(p2) 


(Deas 
The expression in parentheses is equal to 


—i(Pip + Poy en P2(@2-2) e~tP1 ex) 
Integrating over x we arrive at 


A. 4 4 
~ 9 f Sear DUR) G(r) Gr) 


X i(pipt+poy) (27)*6(py —po—k)etP 121 tata tks 
(1.112) 


G (23,29; 21) = 


Finally, comparing (1.110) and (1.112) we derive 


G,(p1,p2,k) = —(2m)*i6(py — po — k) (Pip, + Po.) ¥ G(p1) G(p2) D(k) . 
(1.113) 
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The corresponding diagram is 


Pl P2 


where the lines correspond to the Green functions G(p;), G(p2), D(k), the 
vertex I’,, corresponds to —i7(p1,,+p2,), and the factor (27)*6(p — po —k) 
is due to the energy-momentum conservation. Thus we see that the rules 
which connect graphs and amplitudes in momentum space are simpler 
than in coordinate space. 

This particular diagram describes the ‘decay’ of a meson with momen- 
tum p, into a photon with momentum k and a meson with momentum 
p2 = pi —k. In this process the four-momenta are off the mass shell: 
ps # p? +m? and/or ki # k*. Such processes cannot occur for real 


particles and are called virtual processes. < 


1.10.2 Meson—meson scattering via photon exchange 


Consider now meson—meson scattering 


anee 


4 4 4 
pid*pod*p\ d*p) 
G ; ) ’ 
[(27)4 i} (p' Po} Pi p2) 


x = 24—ip2r2 +ip} ey +iphz, p 


G(ahew) :epyay) = 


We can also draw the Feynman diagrams in momentum space. For ex- 
ample, for the first diagram we have 


Pr (Ppt Pip) PA 


i 


P2 YP + Poy) Pb 


58 1 Particles and their interactions 


In order to obtain the momentum-space Green function we proceed as 
above. We write G(x5, 2; z2,21) in the form (1.109), and substitute all 
free Green functions by their Fourier representations. The resulting for- 
mula is of the type of (1.111). Momentum variables originating from the 
Fourier transforms correspond to each Green function. In the vertices 
the differentiations give —i7(piz+p1,) and —t7(poy + Po,). The integra- 
tions over z and x’ lead to (27)46(p; + k — p{), (27)*6(p2 — k — pb), i.e. 
to momentum conservation,at each of the vertices. There is one extra 
integration over k as compared to (1.113). Hence, 
Cle hi prvpa) = f 2X. D(R) Gtpr) Glo) Crh) CUA) 
P1; P23; P1,P2) = (Ont P1) G\Pp2) G\P1) GI P2 (1.114) 


x ¥7(p1 +P) (p2 + 2) (2m)*6(p1 +k pi) (27)*45 (p2—k—p)). 
The expression (1.114) contains an integration over the momentum k of 


the intermediate photon. 


1.10.38 Feynman rules 


Similarly, we can formulate the rules for constructing the amplitudes cor- 
responding to arbitrary diagrams in momentum space. 


(1) A multiplicative factor (a Green function) corresponds to each line: 


r G(p) 


~~ ee. 
Dur (k) 


(2) A factor —(27)4%6(p1 —p2—k)y(p1 +p2)y corresponds to each vertex: 


k 


Pi p2 


(3) One has to integrate over the momenta of the intermediate par- 
ticles (with the weight d*k/(27)4%), i.e. over the momenta which 
correspond to the internal lines. 


Let us return to the expression (1.114) for the two-particle scattering 
amplitude. ‘The 6-function takes care of the momentum integration on the 
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right-hand side. We also have to take into account the second diagram 
which in momentum space has the form 


PA po 


{ 


p2 Pi 


As a result the total amplitude can be written as 


G(p). P13 P2,P1) = (27)*5(p1 + po — Py — P2)G(P1)G(p2)G(P1) (po) 
2[@i+Pi)u(p2t+Po)y , (Pi+P2)u(p2+Pi)u 
x Bi /\2 END 
(p2 — p) (p2 — Pi) 
where the 6-function reflects the energy-momentum conservation in the 
scattering process. 


Geis) 


g 
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Let us assume that at time ¢; a particle is described by the wave function? 


en tx 


ac 1.116 
Pp(2) = Tee (1.116) 
Then, at another moment in time it will be described by the function 
_é : 
Uy) = | GQ — a1) ta vplai) dar, (1.117) 
T10 


where 


G 1—-%)= - 
(y a 
A virtual process can occur in which this particle would decay into two: 


Y2 


oa = G(y2, 3; 71) - 


¥3 


4 For simplicity we shall consider the case when there exists only one species of particles. 
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In this case the wave function of the system will be 


a 


. O 
V (yo, 3) = [ Gloe.851) an Pp(21) d°xy A -(1,118) 


As already explained, the probability of finding just one particle anywhere 
in space is 


/ so* (e) ig U(x) Ba = Py. 


In the presence of an interaction this probability is less than one since 
there are certain probabilities P:, P3; etc. to find two or more particles, 
for example 


> coe 


P,= | el ©1)Pp,(x2) 4 W (21,22) d°x;d?zq. (1.119) 


dx10 aa 


According to the orthogonality condition (1.56), the probability ampli- 
tude for a transition of a particle with momentum pj, into a state with 
momentum pg is 


a ae coreg m) 
[ewig Word y = [ awh Gly — 2)iz—op, (x)d°rd*y. 
(1.120) 


The probability amplitude for the decay of this particle into two particles 
with momenta p2 and p3.is as follows: 


0 
oO =a G (yaya) 
2 o (1.121) 


Pee. 
x iD pi (21) Bad yod>y3 . 
#49) 


(P2, P3| P1) = | ealandops(vs) ig 


Hence, we can define a matrix U which transformis an initial one-particle 
state (x1) at time t; into all possible states at to, i.e. 


V(y1) 7 y(21) 
UV (yo, ys) 0 
V (ya, Ys, Ye) =e) ; . (1.19 
yio=te ; ty 


In the limit t; — —oo, tg — +00 only the matrix element U;; does not 
vanish since the decay of a physical particle is forbidden by conservation 
laws. 
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1.11.1 The unitarity condition 


If at the initial moment there were two particles, y(21, 22), then, in anal- 
ogy with (1.122), 


v(m) 0 
U(y2, ys) y(r1, 22) 
V (ys, ys, Ye) =o 0 : (1.123) 
yio=te ; i0=t1 


In this case there are many possible processes in the limit tj — —oo, 
t2 — +00, because two particles can create new particles and scatter as 
well. The only requirement is that the total probability of all processes 
has to be unity. Hence it follows that the operator U must be unitary, 
i.e. 

U* (to, t1) Uta) =. (1.124) 
Since we consider the case when the coupling constant is small, y < 1, 
the matrix U must be very close to unity, i.e. it is natural to write it in 
the form 


U =I+iv. — (1.125) 
The relation (1.124) gives -iV+ + iV = O(77) < |V], or 
Vie. (1.126) 


This means that the term in U which is induced by the interaction has 
to be imaginary. (Recall that we had —7V in our Feynman rules for non- 
relativistic quantum mechanics. Note also that there is a factor i in the 
photon emission vertex [,, = —iy(pi + p2),. We can expect, therefore, 
that + will turn out to be real.) 


1.11.2 S-matriz 


We define the scattering matrix S, or simply S-matrix, as the limit t; — 
—oo, fg — +00, 
p= lim U (to, ti). (1.127) 


t13—+—co,tg—00 
The probability amplitudes for different processes can be calculated sim- 
ilarly to (1.120) and (1.121). For example, for a scattering process (two 
particles —> two particles) we have 


-_— 
= f - —I\——i——G(yo, y1} 22, 2 
S(p3, Pal P1, P2) | obeludep.(ndig ig (yo, Y1; £2, 21) 


oo. O 3,,. 43 
Dai Oto? (21) Pp2 (x2) dad? x2d°yid° ys. 


a 
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There is a more transparent method of calculation. The Green func- 
tion for a process with a given number of particles before and after the 
interaction can be represented by the diagram 


An arbitrary process can be drawn like this, where the bubble stands for 
all possible intermediate states. 

The only difference between this diagram and the diagrams for the 
Green functions we have discussed above is that now 


Li9 > —00, ie. 29 — 29 > 0, 


yio + +00, i.e. Yio — Yio > 0. (1.128) 


These conditions allow us to simplify the free Green functions for the 
external lines. Indeed, (1.128) determines unambiguously how to close 
the contours in the integrals. For example 


d4p, ein) cas e7'Pi(yi-94) 
a =a an | 
(1.129) 
where Ey = \/p? +m?, i.e. the particle is real. On the other hand, using 
(1.95) the expression (1.129) can be written as 


/ ~ 
Gy) ee eee One 


Gta) =f FPe veh) eoultn). (1.130) 


Hence, an arbitrary Green function xj9 —> —00, yi9 — +00 can be repre- 
sented in the form 


G(yi, 92, -- a 


ap, .. ak, ...@hkm , 
= [ee (On) In Et (a) - “Cp tn) a (2g). - Diz, (Bm) 


4 4 
x fetyt yep, U1) PoC) fea. dan ei (4) em (hn) 
x “SW Un ole 
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Thus, the Green function is a superposition of plane waves, 


G(y1, ya, -- » Yn; U1, 22,. as) 
ad? Pi Tr ak; . 
i IL / (anys ri Yi II (anys Pk; (3) Seni etae Pela cle Rr) 
= 


The weight of this superposition is just the transition amplitude between 
the initial and final states with given momenta 


S(piy-apeaaley, .. key) 
sy | 
=I feu vp, (yi) IL fee ‘Px; ( to) Sean Met; - 2.6 Te) ( ) 


From (1.131) it becomes clear that the transition amplitude for a scat- 
tering process can be calculated in the same way as the Green function. 
The only difference is that now the external lines correspond to the wave 
functions rather than to the free Green functions. 

Let us obtain the matrix elements for the ae processes which 
we considered above. ” 


S269 4 se 4 ..., 
where 
Ly Zs Lt L5 
SO ~ + 
a a a 


In the zero order in y (no interaction) everything is simple and for the 
sum of the two diagrams we have 


S$) = 6(p1 — p)6(pa — pp) + 6(p1 — py) 6(p2 — p4)- 


The next order contribution is given by the processes with photon ex- 
change: 


P1 Pi P1 D2 
s) = 6 45) ~ e 


pe Po po D 


Let us calculate the first diagram according to our graphical rules: 


SA (y,, yh; ar, 04) = (yh — 1) 6(y2 — &2)D(wQ — 24 )P (2) )Pu(29). 
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Uh Ad 
Ly TY Y1 


N L242 Y2 
Then 


ein, —~ , D(a, — x) 


eiPi@} ra) ae e'PoXo a ew iP2t) 
\/2Ei [oy \/2Eh "Osh, De 
sh ars Noahs ieee d*k e7tk(e2-24) 
=? fatshdtese Pr)1 ei{Po storms th ti 
y Ete + pr)ul [ime + P2)u 
‘on 2B, 4/282 - 265 
=4 | ae a Ty (2m)*6(04 — pr + h)(2m)*6(05 — po ~ 
ye tp ha pall i(p a 


Ace esa 12 (@ + Pi )u(D2 taal) 


\/2E, - 2E9 - 2E! - 2E!, (p2 — p2)? 


Similarly, we calculate the contribution gi) of the second graph. The 
resulting expression is 


Pe 
0 = nile 2 aay 
i ins eat: (1.132) 
(pit Pi)u(P2+Po)n , (Pit P2)u(pe + ad 
(po — ph)? (p, — pa)? 


Compare now (1.132) with (1.114) for the Green function. The difference 
between them is that, while in (1.114) free Green functions correspond 
to the external lines, in (1.132) it is the factor 1//2E which corresponds 
to each external line. This is why it is convenient to pull out the factors 
1//2E from the matrix elements of the S-matrix. 
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1.11.3 Invariant scattering amplitude 


Let us introduce the invariant scattering amplitude T via 


nr 
S(pi, .-- Dj P1,p2) = 1+ (2m)*t6 @ + po — »x) 


al 


“ vee I roe “6D, PYSDD)- 


(1.133) 
It is similar to the non-relativistic amplitude (1.37) we have derived above. 
For the sake of simplicity, we considered in (1.133) only the transition 
of two particles with momenta p,, pg into n particles with momenta 
P\,-+-,Py- The probability of such a transition is 


i sae -d°n,, 


ee (34 
2E; 2E2 (277)9" 2E! ...2E!, ee 


Pe 2 
dW = Coe + po — a) 
i=1 
To deal with the square of the delta-function om use the relations 
(6(a)|2 = 6(x)6(0), and (2n)*6(0 Ne — eT, 


where V is the total volume of the three-dimensional space and T is the 
total time interval for the process. One of the 6-functions in (1.134) is 
cancelled in the transition probability per unit volume and per unit time, 
which thus becomes 


dw “i Be, 1 
= —— = (27)76 - ) 
dw = Tap = (20)"6(Pi + Po dP) om, OB 
= (i135) 
2 dp ...d*n| 
/ / . eee n 
x |TPis---PriPiPa)l" aysngR OR” 
1.11.4 Cross section 
We are usually interested in the cross section do 
dw 1 4 a 
do =— = Ta, (2m) pitpe— > 9; 
j 142J i=l (1.136) 


2 dpi, ...d°p,, i 


x [T(p},---PniP1,P2) (an) ” DET... DEF” 
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where j is the flux of particles. The expression 


lips mes 
(27) van Et OE 


is called the invariant phase volume. (We met a similar expression when 
we calculated the Green functions.) Its relativistic invariance can be seen 
directly from comparison with (1.84) and (1.85). 

For calculation of total cross sections the phase volume in (1.136) has 
to be divided by an additional factor n! in the case of identical particles 
to avoid multiple counting of the identical configurations. 

Let us determine the relative flux of the two colliding particles in the 
reference frame where their momenta are anti-collinear. Using the expres- 
sion for the one-particle flux (the expression under the div operator on 
the right-hand side of (1.93)), we obtain 


Pi _ Pa _ pike — Eipa (1.137) 


I~—F, &  Eikm ” 


where pj, p2 are projections of the three-momenta on the collision axis. 
The numerator in (1.137) is invariant under boosts along the collision 
axis. It is called the invariant flux 7, 


J = 48 Eoj = 4(p: E2 — Ep). (1.138) 


In the laboratory frame (say, po = 0) we have 


J =4mpz , 
where py is the momentum of the projectile, and m is the mass of the 
particle. In the centre-of-mass frame, where py = —pg2, |pi| = |po| = pe, 
6 ih Ore Eo = ee (1.139) 


Hence, the cross section (1.136) of the process 


may be written in an explicitly Lorentz invariant form. 
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1.11.5 2 — 2 scattering 


Mandelstam variables. Let us now consider the case of 2 = 2 scattering 


Pi ee 
_——, 


p2 Pd 
in detail. To describe such a process, it is convenient to introduce the 
invariant Mandelstam variables s, t and u: 


s = (pi +2)? = (p1 +72), 

(pi — p1)* = (pe — pd)”, (1.140) 
wu = (pi — py)” = (p2 — pi)”. 

In the case of elastic scattering of particles with equal masses the Man- 


delstam variables have an especially simple interpretation in the centre- 
of-mass frame: 


I 


F 


s = (pio +720)? = E?, 
= —(p’;— pi)? =—2, . (1.141) 
u = —(pi- Pp2)” : 


We see that s is the total energy squared in the c.m. frame, t is the 
momentum transfer squared between particles 1’ and 1, and wu is the 
momentum transfer squared between particles 2’ and 1. The Mandelstam 
variables are not independent: they satisfy the relation 


stt+u=4m’. (1.142) 
Indeed, 
stt+u = pit+pet+py + Py + 2pt + 2prp2 — pip, — 2pip2 
= 4m? + 2pi(pi + p2 — Pi — 2) = 4m’. 
For particles with different masses the corresponding relation reads 
pt ee me. 


Elastic scattering cross section. Now, with the help of (1.136), we are 
ready to write an expression for the elastic cross section. Let us go to the 
centre-of-mass frame where J = 4p-E- (see (1.139)). Then, 

1 dp dD 


—- o 4 ae: J _ / . 
do = 4p.E- ea (27) 6(p1 Ape — Py P») 4E! Ei, (26 
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Integrating over p5, we get 


dp 

2 1 

o= & a Ipoh, |! (Be — 2B) eaanye 

where we have used E, = E’. In spherical coordinates d°p{, can be written 
as 


d°p = p? dp’, dQ, 


Le. ; 
ee py? dp, dQ 
= ———|T|’6(E, — 2E}) 5; - 
‘ia, mt 1) AE? (2m)? 
Since p/,? = Ei? — m?, we have p/,dp, = E\ dE}. Hence, 
E\ dE} dQ 
ae Y E, -_ 9 FB! Pe #4 il 
ag pa 1) 4B? (2r)2 
OS am, ,, dE dO 
= ip 6(Ee 2B) TE One 


After integration over the energy EF}, and using the relations 4F} = 2E, 
and f dE} 6(E. — 2E}) = 1/2, we os obtain 


if 


=) ee, : 1.14 
16E2 aye od fe) 
In terms of the Mandelstam variables (1.143) is 
4h 2 
= |———= 1.14 
he ao Ci 


1.11.6 mn x” scattering 
Let us now return to the Coulomb scattering a” 2~. In the lowest order 
this process is described by the diagrams 


Pi Pi Pr Py 


pe Po Pa Pi 
Comparing (1.133) and (1.132), it is easy to write the invariant scattering 
amplitude 
(pi + Pi )u(p2+ Po)y , (Pit P2)u(p2 + Pi) 


T (5, P13 P25 P1) = 4? 
(Dy 2) ees (p, — pe)? 


(1.145) 
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First, we express the numerators in the brackets in terms of invariant 
variables. Calculation of the first numerator can be simplified by intro- 
ducing the u-channel momentum transfer r = p; — ph = —po +p}, 7? = u. 
Then we have 


(pr + pi) (pe + Po) u = (pi + po + T)p(pr Po T) i Shs 
Similarly, the second numerator gives s —t. As a result, 
S—-U 8s— | 


i "+ ; 


(1.146) 


Expression (1.146) contains only one unknown constant y*, which can be 
determined from scattering experiments. However, there is no need to 
carry out experiments for this purpose, since in the region of small mo- 
menta (1.146) should coincide with the well-known non-relativistic for- 
mula for Coulomb scattering. 


Non-relativistic limit. To obtain the non-relativistic approximation we 
consider again the centre-of-mass reference frame, where 


Pi = —P2; P') = —P 2? 
Pio =F — Pio = Poo ’ 
and 
s = (pio +p20)” — (pi + P2)” = (p10 + p20)” = EP; 
t = (pio — pio) — (Pi — p's)” = —|p1!? — [p's |? + 2|pillp’s| cos é 
= —2p2(1—cos0) = —q’, q= Pp} —P1; 
u = —2p2(1+cos0) = —q”, q =P)- Pi. 


In the non-relativistic limit s = E? ~ 4m?, the momentum transfer in- 
variants are relatively small, |t|, |u| < s, and (1.146) becomes 
T ~ —774m? = a =| (1.147) 
q q 


On the other hand, in non-relativistic quantum mechanics the scatter- 
ing amplitude f in the Born approximation has the form (compare with 
(1.38)) 


2 = 
ji ae -= Je ‘FU (r)d°r — Jexcudeace 
where js = m/2 is the reduced mass. In the Heaviside units, the Coulomb 
potential has the form 
OG een 


Arr’ 
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and consequently, 


m e? 


saa (1.148 
i An q? a ii exchange ( ) 


The exchange terms in (1.147) and (1.148) can be neglected for small 
scattering angles 0 < 1. 

Now we are in a position to establish the connection between JT’ and 
the non-relativistic amplitude f. In terms of f, the cross section is 


do = |f|?dQ. 


Comparing this expression with (1.144) we establish the relative normal- 
ization of the amplitudes, 


4G ft 


load 


f= 8r./s 16mm ~ 


(1.149) 


Inserting the values f (1.148) and T (1.147) into (1.149), we can now 
determine the constant 7: 


— ppg eee soi 
Dae qe h 
which leads to 


Av ee (1.150) 


In our units e?/4a = 1/137 < 1. Thus, indeed, with high accuracy it is 
sufficient to consider only the simplest processes. 


m™ Tt” invariant scattering amplitude. Substituting y? = e? in (1.146), we 
obtain the scattering amplitude T for arbitrary energies. In the centre- 
of-mass frame it takes the form 


2 
; 3 + cos 6 + 20 3 ~cos6 + 2a 


a. 1 —cos@ -. 1+ cosé 


(1.151) 


Note that in the ultra-relativistic limit, |p| >> m, the amplitude depends 
only on the centre-of-mass scattering angle and not on the momentum of 
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the projectile. The angular dependence of T is as follows: 


IT| 


cos 9 


To summarize. we have shown that the coupling constant for the inter- 
action of charged spinless particles with the electromagnetic field coincides 
with the charge of these particles, i.e. y? = e?. In’addition, we have ob- 
tained the expression (1.151) for the invariant 1 =~ (or m7) scattering 


amplitude in the first order in e?. 


1.11.7 n*n scattering 
Now we turn to x'7” scattering: 


as “us 


at at 


Let us recall the logic which led us to introducing 2+ as an antiparti- 
cle to 1. In the coordinate representation, the lowest order diagrams 
describing scattering of identical charged particles were 


ip 


/ / 
x2 ; or r2 z mA 


8 
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In the limit 219,220 > —00, 249,249 — +00 we derived from these dia- 
grams the 2-7 (or mt7*) scattering amplitude. 


Calculating the amplitude under the conditions 219,249 —* —oo and 


£20, 049 —> 00, we had to replace the interaction graph 
Z2 x Lo 


ba oS . Then charge conservation required the following 
Lb S 

interpretation: a particle (~~) propagate from z2 to x’ while the object 

propagating from z’, to z’ is its antiparticle with the opposite charge (7). 

We introduced the arrows to distinguish particles and antiparticles, and 

to remember in which direction one has to differentiate with the plus and 


in which direction with the minus sign. 


As a result, the diagrams acquire the form 


and describe 1 «™t scattering. Two comments are in order. The first 
of the two diagrams describing m7 scattering differs in sign from the 
first diagram in the 7” 7” case. Indeed, comparing the two graphs (with 
the same values of the initial and the same values of final coordinates) 
we observe that the only difference between them is the direction of the 
bottom line. This results in the change of sign, since the vertex operator 
On differentiates the line with incoming arrow with plus, and the outgoing 
one with minus sign. 


We also remark that because 1” and 7* are not identical objects, there 
is no diagram with a simple interchange of the final particles as in the 
m 7 case. We have instead the second 1” 1* graph which is essentially 
different from those corresponding to the virtual photon exchange be- 
tween identical particles: it describes the annihilation of two mesons with 
subsequent creation of two mesons, i.e. a process which goes through a 
one-photon intermediate state. 


Let us find the amplitude corresponding to the first diagram. With the 
top line we proceed as before, representing the Green functions in terms 
of the wave functions of real 1 states. For example, for the final state 
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™ we write 


ap: e7P} (2 - r) 


Gi -2)= | oe poe ie “Pi Wy (04) WE, (x). (1.152) 


We can proceed similarly with the bottom line. For the outgoing 1+, in 
particular, we can write 


! d°py * lf 
€5,-2)= / ape Pot (2) Wee’), (1.153) 
where 
ew tas + +2 


We do the same for all external particles. 

Since the direction of the bottom line is reversed, the photon emission 
vertex expressed in terms of 7+ momenta, x (p3 +3’), has the opposite 
sign as compared with the corresponding expression describing the top 7 
line, x (p; + pi). The necessity to keep in mind the sign of the differenti- 
ation is rather inconvenient. Instead, one can writethe amplitude for the 
m™ 7 scattering, and close the loop around the pole in the correspond- 
ing Green function in accordance with the conditions £19,243 — —oo, 
£20, C49 — +00. In this case we have for the bottom line Green function 


d'po e—tP2(x'—z2) 
U == ————— 
a / (27)4i m? — p2 — te’ 


except that here the contour has to be closed around the negative-energy 
pole poo = —1/p3 + m2, in the upper half-plane. Then, 


d° po i / pen (xh = ‘i 
@ a! —7) = / i. 2h p3tm (XH L290) +tp2(x’—x2) 
(=~ #2) = J 5)59 [pool 


o (1.154) 
= fps Yale) Min(2) 


where we used that the substitution of pg by —pzg does not change the 
result. Here 


etP2x 9 
Nie SS ES 5 = AF m? c 
elt) =o 


The expressions (1.154) and (1.153) are identical and “iil the paar 
gation of a positive-energy a+ with four-momentum pj = —p2 from 2’ to 
£2 (x < £29). There is, however, an alternative way to represent (1.154). 
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Observing that permutation of coordinates is equivalent to changing sign 
of the four-momentum, we may write 


dp. d*po 
Ga’ a £2) ae (2n)3 Vp, (2) cen ka) = (2n)3 Vp, (x’) ae (x2) . 
We see that the propagation of the mt-meson from x’ to a can be de- 
scribed either in terms of uae where D3 = —p2 is a momentum corre- 


sponding to positive energy, or in terms of the wave function V,, of the 
m™~-meson with a negative energy, (p20 < 0), propagating from x2 to 2’. 
This observation leads to the Feynman interpretation of an antiparticle 
as a negative energy particle which propagates backwards in time. 

Given that the substitution p} = —p2 turns the propagator of the 7~- 
meson moving from x2 to z’ into the propagator of the 7*-meson which 
moves from z’ to r2, we can get the m*m” scattering amplitude from the 
m m amplitude simply via substitutions of momenta. 

Consider the process 1 (p,) + m*(pt) — m7 (pi) + 2*(p5"), which, 
as we know, is described by the sum of the scattering and annihilation 
diagrams (see page 72), 


7 ne 
PA y 
eee ee: s = (p} +71)? 
t = (pi, — pi)? 
[a i 
mat Po P2 at 


To obtain the corresponding amplitude we take the invariant 7 7 scat- 
tering amplitude (1.145), 


hea / / ’ 
T (ph, P15 P2,P1) age [e Pi) (pe + po) uy a (p1 + po) yu (pe +Di)p 


(pi — p4)? (pi, — p2)? 
and make the substitution 
P3 =—Po, pot =—p2, (1.155) 


which turns one of the initial (final) 7~-mesons into the final (initial) 2+. 
This gives us the scattering amplitude for 7 7?: 


T (py, Pi P23» P1) 
_ 2|_ (rtp )lod +p )y | (pr — PP) — Pd) 
eee ae se Pamt\2 
(pi — pi) (p, + Pz) 
A calculation similar to (1.146) leads to the following expression in terms 
of the Mandelstam variables s, t, u: 


S— Use i) 
: i (1.156) 


Tirta =e 1 
b Ss 
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Actually, we do not even need to perform this calculation from scratch. All 
we need to do is to find how s, t and wu defined in (1.140) are transformed 
under (1.155): 


Sam Ug at big lt) Un Sete: 


Next we just substitute the transformed variables into the final expression 
(1.146) for the invariant scattering amplitude describing 17 717 scattering 
and, lo and behold, what we have really obtained is (1.156). 


We will study amplitudes of the type (1.156) in the case of electron 
scattering in more detail in Section 2.5. 


1.12 The Mandelstam plane 


Now let us discuss the connection between amplitudes in a more general 
way for the case of two charged particles, for examplé the elastic scattering 
a a a a 


P1 Pi 


P2 P2 


As we mentioned before, the Mandelstam variables are Lorentz invariant 
and satisfy the condition 


st+t+u=4m’. (1.157) 


This relation can easily be visualised with the help of the Mandelstam 
plane in Fig. 1.12 where each point corresponds to given values of the 
Mandelstam variables s,t,u satisfying (1.157). Here we use the fact that 
the sum of the altitudes of an equilateral triangle does not depend on the 
position of a point. (The extended sides of an equilateral triangle play 
the role of the coordinate axes, and the altitudes are counted with sign; 
the arrows in Fig. 1.12 mark the positive directions. ) 
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Fig. 1.12 


Let us find the physical region of the reaction 7 7 in the Mandelstam 
plane. In the centre-of-mass frame we have pe = |p1| = |p2| = |p4| = |P4! 
and therefore 

s= 4(m?+p2) >4m?, 

t = —2p7(1 —cas'0)<0), 

u = —2p2(1 + cos0) <0, 


where @ is the centre-of-mass scattering angle. Hence, the allowed values 
of the Mandelstam variables for 7” 7” scattering lie in the shaded region 
s > 4m?, t < 0, u < 0 in Fig. 1.13. For obvious reasons this region is 
called the physical region-of the s-channel. 
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The bold lines in Fig. 1.13 mark the small-t region corresponding to for- 
ward scattering and the small-u region which corresponds to backward 
scattering. (Also shown in Fig. 1.13 are the straight lines passing paral- 
lel to the sides of the triangle through its vertices with the coordinates 
(s =4m?,t = u=0), (t= 4m?,s =u =0), and (u= 4m?,s =t =0).) 

In general one has three non-overlapping regions in the Mandelstam 
plane which correspond to three different channels as shown in Fig. 1.14. 
The shaded region u > 4m?. s < 0, t < 0 is called the u-channel, and the 
shaded region t > 4m?, u < 0, s < 0 is called the t-channel. 


t- channel 


wy 


OM 


thy yy 
u- cha} 


Fig. 1.14 


Consider, for example, what physical Deeg et Sages n4 the u- 
channel region. Make the substitution pj = —pT; pi = —pit in the 
amplitude of the process 
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Here pi > 0, ie. we analytically continue the original amplitude into the 
negative-frequency region. The diagram can then be represented as 


/ 


Py Pi 


/ 


P2 P2 


However, as has already been explained, this diagram describes the 1* 17 
scattering process with physical 7*-momenta pt = —pi, pe =—pi, and 
in this case the original variables s, t, u become 
2 
s = (p—p,)*, 
2 
= (p2 — py) ’ 
2 
u = (pt +p2)°, 
ie. u > 4m?; s,t < 0. Hence, when we consider the process 
ton ont ea 
instead of 
i -p —-ieee se, 
our Mandelstam variables change, and we go from the s-channel region to 
the u-channel region. By doing so, we have in fact analytically continued 
the scattering amplitude J’ from the s-channel to the u-channel, where 
it describes a different process. This is the essence of how we obtained 


(1.156) from (1.146). 
Indeed, our original amplitude was 


pee pone 
to aa 


and it was defined in the region s > 4m?; t,u <0. If now we look upon 
u = 4(p? +m?) = 3 as the ‘energy’ (whose réle was played by s before), 
and ¢ and s as the ‘momentum transfer’ variables, 


t = —2p2(1—cos@), s = —2p?(1+cos6) =H, 
then 
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This is just the expression for the m*77~ scattering amplitude we had 
earlier. 


Thus. there are two ways of connecting the amplitudes for scattering 
of particles and of antiparticles. Either we calculate the amplitudes and 
consider different positive-frequency and negative-frequency momenta, or 
we fix the variables 5. t and u in a definite process and consider their 
different values afterwards. 


Let us discuss one more example: 


Pin Pi 


ps Dh 


Looking at the graph ‘from the top’. we have p, and p) representing 
: =a al. . ae ‘ a 
particles. and p = —pj’ and py = —ps antiparticles. From this point of 

view, 


+)2 
a= (pi — P2 ) ’ 
12 
a (pi =) ; 
+/\2 
t= (pi + pj ) ’ 
i.¢. we are now in the phvsical region of the t-channel. which corresponds 


to the reaction 1+(p}’) + 1 (p1) — 1* (py) + 1 (p}). 


Hence. we obtained the following important result: an amplitude de- 
scribes not one process. but a whole class of processes. Namely. 


T+rOonN +0 in the s-channel; 
a a ai a in the u-channel; 
m+n on +t in the t-channel. 


Finallv. note that the decav of the 7-meson into three 7-mesons is for- 
bidden by energy momentum conservation. i.e. it lies in the non-physical 
region. However. if we increase the mass of one of the particles. the same 
amplitude will also describe the decay process. The physical region of the 
decay process is located inside the triangle in the Mandelstam plane. 
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1.13 The Compton effect (for 7-mesons) 


The simplest diagrams which describe photon scattering off the 7-meson 
are 


kia kor2 


P1 p2 
The wave function of the meson is 
e7 iPr 


that of the photon 


We have obtained these from the transition amplitudes in the limit t > oo. 
Further, we have for the photon 


, dék a d k ew ikex 
Pul=) = Suv | ome (Qr)4i kz (am) | Gays (27)3 2ko ” 
Yee os 


The polarization vectors e. and e\ were associated with different wave 
functions. Similarly to the case of 77 scattering, the amplitudes corre- 
sponding to the first two diagrams can be written immediately. Denoting 
by M),,, the amplitude which corresponds to the third graph, we obtain 


— Juv 


4 
* (é 
Try = (po + po + kz) pe? mi (ppthy)t +P +k1)pen 
; (1.158) 


e ~ 
+(p2+p2—ki) yer MIG ye (Pi Paha) ven + Maar 
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Let us now extract the factor epee from (1.158) and call the remaining 
tensor M,,,, i.e. 


Tee ey, (1.159) 


As shown in Section 1.8, the conditions 
kipMy,z=90, ka Mi, =0 (1.160) 


have to be satisfied to avoid the production of longitudinally polarized 
photons. For k* # 0, there are three vectors orthogonal to kj: Nin =A) 
(A = 1, 2,3), namely: 


0 0 Ik 
Guy | (2)__ | 0 (3)__1 | 0 
€ i ep eS Jia 0 

0 0 ko 


For A = 0 we have el?) x k,, (see Section 1.3). We here use the notation 


with z the direction of the photon momentum k. Since el) is proportional 
to k,. the terms with the scalar polarization vector e) do not make any 
contribution in (1.159) if (1.160) is satisfied. For real photons (k? = 0) 
the terms with the longitudinal polarization e'3) also vanish. Thus, scalar 
and longitudinal photons do not contribute to the physical processes if 
the condition (1.160) is fulfilled. 

The tensor M,,, has the following form: 


(2po+k2)v(2p1 +k) p r (2p2—ky)4(2p1 —ka)v 


aT Ge 
—2 poke 2 poky ee 


Muy = e° | 
Let us calculate ko, M/_,, taking into account that py + ky = po + kg and, 
hence, 2pok; = 2p;ko: 
ea — e7[—(2p1 + k1) yy + (2p2 — ki) y] + koy Muyp - 
Since po — pi — ky, = —ke2, we arrive at 
koyMiyp = —2e?koy + koypMyp- 


We conclude that (1.160) can be satisfied, i.e. the current can be con- 
served, only if the term corresponding to contact interactions is intro- 


duced. 
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The simplest guess for the contact interaction is to take 
Mon = tietae (1.161) 


This choice gives us an amplitude for which the current is conserved and 
which does not allow scalar and longitudinal photons to participate in the 
interaction. 

We can now calculate T, using the contact interaction introduced 
in (1.161). Taking advantage of relativistic invariance of the amplitude 
(1.158), we simplify the calculation by working in the rest frame of the 
initial electron: \ 

Pio=m, pi=O0. 

We have to calculate the amplitude (1.158) for the two physical polar- 
ization vectors orthogonal to k,. Hence, all terms in (1.158) which are 
proportional to ky, or ka, do not contribute. Moreover, since these two 
physical polarization vectors have only space components and the vector 
p; has only a time component in our reference frame, the first two terms 
on the right-hand side of (1.158) vanish, and only the contact (seagull) 
term gives a non-zero contribution to the amplitude. Thus, 


A2* A 2 
Trey = €y?"€))' Guy + 2e° , 


i.e. 
Trey, = 26? {e’#*(cq)e™* (Ica) | 


In the case of small-angle scattering, kj /|k;| ~ k2/|k2|, we simply obtain 
_ Trey = eo One 


Let us investigate the connection with the usual non-relativistic scattering 
amplitude. As we have seen above in (1.149), 


f= 81/8 < An /s) | aotee 


which coincides with the expression for the classical non-relativistic Thom- 
son scattering amplitude, with e’ the usual (non-Heaviside) charge. 

Now consider our amplitude from the point of view of different channels. 
The replacement 


ko ee 
SS —ky 
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means that we go to the u-channel. Such a substitution interchanges only 
the 7 quanta, and, since they are neutral, the amplitude in the u-channel 
turns out to be the same as in the s-channel. The substitution 


p2 = —pd, 
ky = —kt 


leads to a new process, namely, to the two-photon annihilation of two 


mesons 7 and nm. It corresponds to the transition into the t-channel 
region. 


The symmetry of the amplitude with respect to the dashed line in the 
Mandelstam plane reflects the neutrality of the photon. 


Pi ky = —ky 


3; = —pe ko 


So far, we have learned how to calculate the amplitudes of different 
processes with the help of the Feynman diagrams. Let us see whether we 
can directly calculate cross sections from the diagrams. We have already 
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written the cross section for the process 


Pi P3 
P2 Pa 
qr dp3 d°p4_1 


Using the simple relation which is valid for the an 


d3 
OE = d*ps 6(p3 — m§) 9(ps0) = dps 54.(p3 — m3) , 


we can cast the cross section in the following form: 


1 d*p3d* * 
do = 7 ab - 54(p3 — m3)64 (pq — me) ome Ta 5(>opi). (1.163) 


This means that the cross section is described by the diagram 


Di P3 PI 


R2 DA p2 


which has to be calculated by our usual rules except that the lines with 
crosses correspond now to the 6-functions instead of the Green functions. 
This is quite natural because the intermediate states in the case of the 


cross section correspond to real particles for which p39 = \/m3 + pS and 


Pao = (Mj + Pj. 
Note in passing that this result could also be derived from the repre- 
sentation of the Green function in the form 
1 1 
C= ese = ea ae imho? an). (1.164) 
Here the symbol P stands for the integration in the sense of the principal 
value. 

The form (1.163) is convenient since it allows us to continue the cross 
section from one channel to the other (provided that during this process 
the amplitude T will not acquire an imaginary part). We will discuss this 
analytic continuation later in Section 3.3. 


2 


Particles with spin 5. Basic quantum 
electrodynamic processes 


2.1 Free particles with spin i 


Avspin J = i particle can be described by two probability amplitudes 
y,(A = 1,2) of finding a particle in a state with spin projections : and 
—}, respectively. They can be written in the form (ae Hence, the wave 
function of a particle at rest is, as usual, 


Y= (ee — (2.1) 


2 
Recall that the wave function for a moving J = 0 particle was simply 

e 7 ipr 

Vv 2p0 
In the present case the situation is more complicated. To obtain the 
wave function of a particle with finite momentum, one has to carry out a 
transformation from the rest frame to a moving reference frame. To do 
this we need to know how y) changes under the Lorentz transformation. 
In other words, we have to find a representation of the Lorentz group 
acting on our two-component objects. 
Lorentz transformations have the form 


Li = ike, (2.2) 


where the transformation matrix depends on six parameters: three Euler 
angles 6; which parametrize spatial rotations and three components of 
the relative velocity vector v; describing the transition from one inertial 


reference frame to another. 
Now consider the wave functions. Generally speaking, the components 


of the wave function €; and &2 transform as 


4 = u1é1 + U12€2, 


85 


86 2 Particles with spin 4 


€ = waits + urr€e. (2.8) 


Since both €; and u;, are complex, the matrix u;, contains eight indepen- 
dent parameters. 
It is easy to show that matrices with unit determinant 


det(ui,) = Ui1U22 — Uigua1 = 1, (2.4) 


also form a group. Equation (2.4) gives two independent conditions for the 
real and imaginary parts, and, hence, the matrix ui, is characterized by 
six independent parameters. These parameters can be connected with the 
parameters of Lorentz transformations. Thus, complex two-dimensional 
matrices with unit determinant realize a representation of the Lorentz 
group. 

As we know, any 2 x 2 matrix can be written as a linear combination 
of four matrices (a unit matrix and three Pauli matrices): 


Rl ORR: 0; 4 if O = aya 4 
“ak O Lgl ker 0 ? Ou lee geet) > os are 


The Pauli matrices have the following properties: 


O7Op| = 21€;K002, 
[cic] Kee (2.5) 


Oxy =10z, Oyoz=Wz, Fz0x = 10y. 


Note that the matrices o;/2 have the same commutation properties as the 
rotations. 

We will parametrize rotations in the usual three-dimensional space by 
the vector @ which is directed along the rotation axis and has a length 
equal to the magnitude of the rotation angle. Under three-dimensional 


rotations the wave function = @) transforms as 
f= ué, . (2.6) 
where ; 
u = E279 = @279n (2.7) 


The complex conjugate wave function €* transforms as 
gi oe en 27n Inge 
Transposing this relation, we get 
ge? “ E*T 30m On 


2 


or, due to the hermiticity of the Pauli matrices, 


git = tte aenOn (2.8) 
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Here the symbol * denotes complex conjugation, T stands for transpo- 
sition, | denotes Hermitian conjugation, and €1 is a row (€7,€3). The 
product 


(616) = 46+ 66 (2.9) 


is the usual scalar product in two-dimensional space. Using (2.7) and 
(2.8), it is easy to see that 


ere) = dec) (2.10) 


Thus u-matrices form a unitary two-dimensional representation of three- 
dimensional rotations. 
Now consider the transformation law of the three-component object 


Ai = Eloi€, 
which after the transformation becomes 
A, = eto,€'. 


For example, under a rotation by the angle 0, around the z-axis the z 


component transforms as $ 


ati z 
Ae “= tle 27292 637292 ¢ 


6 Cee. 2650 
él (cos = — isin ~ 2) Or (cos — + isin - 2) E. 


Since the expansion of cosx in a power series contains only even powers 
of x, and o? = 1, we obtain 
078, 6, 


= I cos ~2. 
cos 5) 


cos 


Similarly, it is easy to see that 


. 029, UR 

sin ~~ = o, sin oi 

because the expansion of sin x contains only odd powers of z, and an odd 
power of a, equals o,. Hence, 

AL 


4 04 


o . . 0 Gg: * . 0, 
él (1 cos Be 10, sin 2) (cz cos > + idzdz sin =) é 


7] a. 7] aiolt 
‘al (cz cos? + oy sin $ 008 5 + dy sin > cos > —o,sin? Z)é 


(az cos 0 + oy sind)E = A; cos 6 + Ay sin 8 


lI 
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transforms as the z-component of a three-dimensional vector. Extending 
this analysis to other components and other rotations we can demonstrate 
that A; = é'o;€ rotates as a usual vector in three-dimensional space. The 
only difference is that in the case of space reflections it behaves as a 
pseudovector, i.e. it does not change its sign. 

So far we have considered the representations of the three-dimensional 
rotation group. It is a three-parameter SO(3) subgroup of the Lorentz 
group. We shall now construct a representation of the proper Lorentz 
transformations (boosts along the z-axis). 

Suppose that a reference\frame moves along the z-axis with velocity v. 
Then 


' z+t+ut : 
2 = —— = zcoshy + tsinhy, 

v1—v? 

‘aus _ (2 
i= = zsinhy + tcoshx, 


V1—v? 
where tanh x = v. These transformations are identical to rotations by a 
complex angle. Using this correspondence, we choose a two-dimensional 
representation in the form 


x 
io 


Alternatively, one could choose 


Then 

aet%e, et = tte? , (2.12) 
It is easy to demonstrate that A, = ¢'o,€ transforms as the coordinate 
z in (2.11), while Ag = €'€ plays the rdle of the time component of a 


four-vector, and transforms as the time variable in (2.11). Indeed, from 
(2.12) we get 


Ap 


ete! = EleX?*€ = EF (cosh x + 0, sinh x)E 
(€'€) cosh y + (€40,€) sinh x = Ag cosh y + A, sinh Da 


In a similar way we can consider transformation laws for all components 
(Ao, A;) under arbitrary boosts and prove that the four-component object 
(Ao, A) = (€'€, €1a €) behaves as a four-vector under Lorentz transforma- 
tions. 

Hence, for the motion along an arbitrary direction n, we may write 


gl = blonde, (2.18) 


There is another representation of the Lorentz group given by the trans- 
formations 


o iegs (2.14) 
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(Objects which transform according to (2.14) are marked by dots.) This 
reflects the fact that in two-dimensional complex space two inequivalent 
representations of the Lorentz group are realized. The two-component 
vectors € in this space are called spinors. The transformation law (2.14) 
corresponds to motion in the opposite direction (indeed, the replacement 
xX — ~—x leads to the change of sign of the velocity in (2.11)). 

We now have two kinds of spinors, € and € , which transform according 
to different representations of the Lorentz group. Which one should be 
chosen as the wave function of a spin 4 particle? 

Consider a reference frame in which the particle is moving with veloc- 
ity v ' 

p Po 
Vv ri es mn cosh x. 
It follows from (2.13) that 


é’ 


II 


cosh * + (o-n)sinh | per 


| —— omfma—le ovipe 


If we accept (2.13) as the law of transformation for ce wave function, we 
get for the moving particle 


ooo a= +(a-n) Bl oem (2.15) 


There is, however, another possibility. We can choose the transformation 
law for the wave function as in (2.14). In a sense, it corresponds to a 
particle moving in the opposite direction. Then 


sensi 
ea 


f= = pe Pr, (2.16) 


Which of these wave functions should be used to describe spin 4 physical 
particles has to be decided by experiment (as is the case for massless 
neutrinos). 
Now consider the reflection n — —n. Obviously, under this transfor- 
mation 
aes 
Suppose that our electron state has a ‘screw’. Such a particle can be 
described by one of the wave functions €, € in a right-handed coordinate 
system. The fact that this wave function will change under the transfor- 
mation to a left-handed coordinate system poses no problem, since the 
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particle itself contains the notion of left and right — which is exactly the 
case for the neutrino. 

If, on the other hand, the particle is completely symmetrical (i.e. it does 
not know about left and right), then the reflection should not change any- 
thing. The description in left- and right-hand reference frames should be 
equivalent; there is parity conservation. Such particles could be described 
by a certain superposition of € and €. However, one then has to make 
sure that the difference between € and € does not enter into physical 
observables. 

It proves to be more convenient to introduce instead a four-component 
wave function and to write it in the form 


If all four components entered all the equations symmetrically, parity 
would be automatically conserved. 

A four-component form of the wave function is not imposed by nature, it 
is just a convenient way to describe spin - particles (which was initiated 
by the Dirac equation). Also, it is often convenient to introduce two- 
component functions with definite parities: 


1 é 

wi ag AG Fl: &); 
1 ail 

Wo = —(€ —£). 

2 AG £) 

The explicit form of these functions is 
= /P2" anil ip cage 
a (2.18) 
2m po +m 2m 


It turns out to be convenient to exclude n: 
mF rie, ain 
IP| : [pe — m2 


Then the four-component wave function becomes 


Wy (o-p) 
v= : Wo = WV,. 5 
(i) 2 ptm + (ay 


nh 
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Since we have introduced two extra components YW merely to preserve the 
reflection symmetry, they, of course, are not additional degrees of freedom 
but can be expressed in terms of Wj. 

Let us now try to find an equation connecting all four components of 
the wave function in such a way that there is no difference between right 
and left and that the particle has a definite (e.g. positive) parity in the 
rest frame (as follows from (2.19), Y2 = 0 at rest). For this purpose, we 
introduce four-dimensional y-matrices in the standard representation: 


_ ty» 0 pee 0 OF 
Yo “wa ) =f 4 Vi = 0; 0 . 


Now it is easy to see that the wave function WV (2.19) satisfies the Dirac 
equation 


(yopo — ¥- p—m)¥ =0. (2.20) 

This equation leads to 
(p) -m)¥,-—(o -p)¥. = 0, (2.21) 
(—po -m)W2+(o-p)¥i = 0. (2.22) 


Obviously, the relation between V2 and W, given in (2.19) follows from 
(2.22). Substituting W2 into (2.21) we obtain the standard relativistic 
relation between energy and momentum: 


(p0 — m) ~ PY Wj= 


or 
eee aie 
Po +m 
1.€. 
pj — p? =m’. 
Equation (2.20) is relativistically invariant because so is the scalar product 
of the two four-vectors y, and p,: 


Dp = YuPp = YoPo — Y- P- 


Thus 
(p—m)V¥ =0 (2723) 


selects and describes the states with positive internal parity in the particle 
rest frame, because only Y; does not vanish at v = 0. 
We could have written instead 


(p-+m)¥ =0, (2.24) 
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which equation, unlike the standard Dirac equation (2.23), would select 
negative parity states of the particle at rest. 

To extend our description to the case of massless spin 7 particles we 
have to get rid of the masses in the denominators of the wave functions 
(2.18). This can be done by changing the normalization of the Dirac 
wave function in (2.20). We multiply it by 2m and write the new wave 
function in terms of the spinors u 


x 
VPo + ™ Py 2 Pr = ie Ss 
W — Po eP® — ./po+m en Pt — (pe PF 
eae a 
(2.25) 
where ii*u* = 2m. Since y has two components, there are two linearly 
independent y,, (A = £1), corresponding to two spin projections. In the 


rest frame A is simply the projection of spin 


OzPr = AY». (2.26) 


maQ) eve() 


and the wave function ( in the rest frame can be written in the form 


(2) =(0) +()} 


The functions a; and a2 are the probability amplitudes for a particle to 
have spin projections +4 and —4. 

Let us write (2.26) in a relativistically covariant form. First, we in- 
troduce in the rest frame a unit vector ¢ directed along the spin. Then 
(2.26) may be written as 


It is easy to see that 


(a -C)p = Ay. (2.27) 


2 


Introducing a space-like four-vector ¢,, (Cj; 


turns into (0,¢), and the four-matrix 


0 a 
Se jin) ’ 
we can write a relativistically invariant expression which corresponds 
to (2:27): 


= —1) which in the rest frame 


(Y5Cu%p — A)u = 0. (2.28) 
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Indeed, in the rest frame 


—(5G7i + A)u = [(o -¢) —A]y = 0. 


Here we used that the lower components of u are zero in the rest frame 


and 
meer =o 0 
5% = oO hee he 


Then (2.28) turns into (2.27). Hence, in order to define the Dirac spinor 
unambiguously, two equations are necessary: 


(p—m)u=0, 
(y5¢ —A)u=0. 


We shall denote the solution of these equations by either u(p,¢) or u>(p) 
(where \ and ¢ are fixed). 

Let us now establish a probabilistic interpretation for the spinor wave 
functions. As usual, we need to construct a conserved quantity. Obvi- 
ously, the product of spinors of different types which transform according 
to different representations of the Lorentz group is relativistically invari- 
ant. Indeed, 


(2.29) 


ete = aie aml aia = €t¢, 
However, we use not the spinors € and £ but their linear combinations 
1 ; 
Wy a 5 (6 a ©), 
1 - 
YW = 5 (6 = 6): 
In these terms the relativistically invariant product has the form 
(éte) = (wt — wl W, + Wy) = Ww, — wh. 
Introduce the Dirac conjugate four-component spinor 


tet) 


Tp) = wtp) = (W104) (4 2, ) = (H.-W). 


Then the product 


a (p)u* (p) = WLW — Wh W, (2.30) 


is a relativistic invariant. 
Let us find an equation for the Dirac conjugate spinor au’. The first of 


equations (2.29) gives 
u' (pt — m) = 0, (2.31) 
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where 

pt = (yop0 -y-P)' = Yop0 + 7-P 
due to hermiticity of yo and the antihermiticity of ~;. Multiplying (2.31) 
by yo from the right and using the commutation law for the -y-matrices 


WY + Wp = 2 uv, 


i.e. - 
VIO = =F7095 
we obtain 
ai(p — m) = 0. (2.32) 


And what about the second of equations (2.29)? One has, as in the 
previous case, 

ul (¢lys5 — A) = 0 
which gives, after multiplication from the right by 7, 

ti(ys¢ — A) = 0. (2.33) 


In other words, i and u» are solutions of the same equations. 

As we have seen, tu is a relativistic invariant, and y, transforms like a 
four-vector. Then j,, = @y,u also transforms like a four-vector. Its zeroth 
component iyou = utu can be identified with the probability density, 
and u7;u with the probability current density. Indeed, in the coordinate 
representation equations (2.29) and (2.32) can be written as 


(igen = n| (zx) 


H(z) (inn — (ty (2.35) 


0, (2.34) 


OL yu 


(The arrows here denote the direction of the differentiation.) To confirm 
that j,, obeys the equation of continuity and jo can be considered as 
the probability density, we multiply (2.34) by W from the left and (2.35) 
by WY from the right. Subtracting these equations, we obtain the local 
conservation law 


Owe 
ie, (EY) = 0. (2.36) 


As usual, particles correspond to the positive-frequency solutions, and 
we have to learn how to construct such solutions of the Dirac equation. 
The positive- and negative-frequency solutions differ by the substitution 


Po — —Po, P= =p. (2.37) 
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Our spinor has the form 


aor VPo +My) 
(p) ce eS. (2.38) 


Performing the replacement (2.37), we get 


_1.{ vpo-mp 
M=ai(, M = = | (2.39) 


What is the connection between u*(p) and u*(—p)? For scalar particles 
it was trivial: y(—p) = y*(p). Consider 


w* RPE ae Po — Mp} 
5) il. Y ‘i uae 


‘ (2.40) 
= #i( TyV/Po — Moy} i 


a 
—oy(o -n) po + Mays 


where we have multiplied both components by a = 1 and used the rela- 
tions a; = —o, and of = oj, oi0y = —oyo; for i = 2, z. 
Let us define a new spinor y, = (o -n)o,y}. Then, because of (o - 


n)(o -n) = n? = 1, we have oyy} = (o - n)y4, and 
u*(—p) =f —ioy(o : n)./Po —m van 
iy /po +m vy 
io, 0 (o-n)./po —m v 
The last column resembles the original four-spinor (2.38). What is y’? 


Let us show that y’', describes a particle in a state with the opposite spin. 
This means that if y~) satisfies the equation 


(o-n) py, =A¥), (2.42) 


(2.41) 


then for y, we have 
(on) yy =A). (2.43) 


It follows from (2.42) that 
(o* -n) v\ = A¥). 
Multiplying this expression by o, from the left and using 


Oy, =(o-n)¢), 
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we get ; 
oy(o* -n)yf = Non) yh. 
On the other hand, 
oy(o* -n)yy = —(o -n)oyy) = —$). 


This means that 
Since \ = +1 we have 


ie. indeed, y = y_. 

Using this fact we can now construct the Dirac conjugated spinor to 
u*(—p). Transposing u**(—p) given in (2.41) and multiplying by 7 results 
in 

yy oe = Ale 0 —y E 0 a =X ar 
P= Hu (2 ) (9 op Jab wl", (2.44) 
where eae 
ee i idy 
C = —-t72"%0 = ( eG ) (2.45) 
is called the charge conjugation matrix. It has the following properties: 
Caeaty Chee = Cale 


~Cy#C7! = —y!. (2.46) 

(Note that according to (2.44) the matrix C is defined up to a sign.) Thus 
the connection between positive- and negative-frequency Dirac spinors is 
given by 

ur(—p) = [u-*(p)]"C._ (2.47) 

It is convenient to introduce four-spinor v?: 
v*(p) = u(—p). 

Let us find the connection between v and tu. Multiplying (2.47) by 0, 

x = 

u'(—p) = [u(p)|" C0, 


and taking the Hermitian conjugate we get 


wr(—p) = Ct [ut (p)]" = yoCtyo[u-" (—p) yo] = Cla-(p)], 


v*(p) = Cla(p)]' = —[a->(p) C]", 


0 (p) = [u->(p)]"C a= (Gas *(p))". (2.48) 
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We have obtained u*(—p) in (2.39) as a result of the substitution p > 
—p in the four-spinor u*(p) in (2.38). What is the connection between 
the respective Dirac conjugated spinors? Does the substitution p > —p 
in u(p) lead to the spinor uA(—p) in (2.44)? From (2.25) we have 


w(p) = Vpo Fm G Acer | = (vpoFmyl, -¢{(o-n)Vpo—m) . 


Po +m 

The substitution results in 

a(—p) = +i (Vpo—m yg, —gl(o- n)/p +m) ; 
On the other hand, (2.40) gives 

w(—p) = [ur(—p)| "0 = =i( v0 ) 
(o - n)*V/po + mp} 
= Fi(Vpo—my\,—yl(o-n)Vpo Fm). 
Comparing these expressions we see that 
D(-p) = wp). ” 

Here u*(—p) is the function a(p) after the substitution p + —p, while 


u>(—p) is the Dirac conjugate of the function u*(—p). Thus, the functions 
a*(—p) and u*(—p) do not coincide but differ by sign. Therefore, since 


v*(p) = u(—p), 


we have 
*(p) = —w*(—p). (2.49) 


This means that the solutions u*(p) and w*(p) cease to be Dirac conju- 
gated after changing the sign of momentum, p — —p. 
In what follows we will need two useful relations: 


(1) The normalization condition 
ud(p)ur (p) = 2mdyy. | (2.50) 
(Here a enumerates the four components of the Dirac spinor.) 


This equality follows directly from the explicit form of the four-component 
spinors 


a(p)ua (pe) = (vpo-FMpX,—} (en) Vo —™) (‘ epee | 


= (potm—potm)(p~y py) = 2m. 
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(2) The completeness relation 


>= ua(p)up(p) = (6 + M)ap- (2.51) 


A=1,2 


This can be proved with the help of the identity 


4 
dD ua(p)ap(p) = mi Dal + M)oyurii, 


A=1,2 


where we have introduced a summation over two additional states with 
negative parities. This identity is valid because u> are solutions of the 
Dirac equation and satisfy the completeness relation 


2.2 The Green function of the electron 


For a spin 5 particle we obtained the Dirac equation 
(YPp — m)U(p) = 0 (2.52) 
or, in the coapabiiete representation, 
Gee - m| Vinyl =; (2.53) 
ad 
The Green function G(x) satisfies the equation 


ee! 
Gee ~ m] Glz) =20). (2.54) 
bb 
In the momentum space we get, as usual, 


(p — m)G(p) = —-1 
and 


mn 1 m+ p 
G(p) = ni} Se (2.55) 


where the relation 


Z 1 
PP = YwPu WP = 5 (Wn + WIn)PuPv = P” 
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was used. Then 


d*p (m ie P)ap e7'P(t2—21) 
(27)4i m2 — p? — ie : 


Gapg(t2 —- 21) = (2.56) 


Let us calculate G(z2 — x;) when tz > t;. Will we obtain from this 
integral 


a B 
Se 
Bi XQ 


i.e. the electron propagator from 2; to 72? Taking the residue at the pole 
po = /m?2 + p? we have 


d? 
d°p 


= e- iP(x2 —21) ud D 


Introducing the electron wave function 
» 
W(p, 2) = Wa(P) ip » 2.57 
we have 
Goa(we- 01) = > [Ss aU RPe2)E2(p,01) (2.58) 
A=1,2 


which is indeed the electron propagator describing propagation of positive 
frequencies. 

What will happen if tg < t; ? In this case the contour has to be closed 
around the other pole, pp = —\/m* + p2, and we obtain 


Ap 
(2 i 


= ip(r2—-21) 
=» [ote aytaps Pew 


— i aus (p,22)W2-(p,21), (2.59) 


Gpo(X2 ~ £1) e'P(%2-71) (m — 6) Go 


where we have changed the sign of the integration three-momentum p and 
defined the positive-energy four-momentum p = (po, Pp), Po = Vm? + p*, 
as in (2.58). We also introduced 


w>-(p,2) = ae) S (2.60) 
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and used the completeness relation (2.51), 
> ua(—p)up(—p) = (m ~ Bas, 
d 


and 
ud(—p)=va(p),  43(—p) = —99(P). 
It follows from (2.59) that a negative frequency state propagates back- 
wards in time (from 2, to xa). It can also be interpreted as the propa- 
gation of an antiparticle (positron in our case), described by the function 
W~(p, x), forward in time i.e. from 22 to 74. 
Recall now that the charge conjugation matrix C’ has the property 


Cy,C~* ae YJ; 


and hence, 
(m — B) ga = [C(m+p)C™ "Jaa. 


Then we easily obtain an identity for the Green functions 


OD _ te oe) (C(m+p)C | 
Ggo(&2 — 21) = / (mee ver ne — 
or 


G' (ag -21) = CG(a1 — 22) C™. (2.61) 


We see that unlike the case of scalar and vector particles (cf. (1.81) and 
(1.89)), the electron Green function is not symmetric under the trans- 
position of the coordinates, 49 — 4; — £21 — 2. This complication can 
be understood by bearing in mind that G is a matrix which undergoes 
unitary transformation when x — —z. Consequently, the same process is 
described in another representation. 

The Green functions of electrons and positrons turn out to be different 
and the connection between them is realized by the charge conjugation 
matrix. The fact that the Green functions of e~ and e* are different 
causes no problems since so far we have not seen any spin : particles 
identical to their antiparticles. If such a Majorana-type particle existed, 
its propagation could be described in the same way as that of a charged 
particle, but its interaction would not change under charge conjugation. 
Also, a formalism could be constructed in which the asymmetry in the 


description of propagation would not arise at all. 


2.3 Matrix elements of electron scattering amplitudes 


Let us consider the electron-electron scattering process. To calculate its 
amplitude, it is necessary to take the limit 219,729 — —0o, 239,249 > 
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+oo. This time ordering determines unambiguously how to close the 
contours around the poles in the Green functions corresponding to the 
external lines. After taking the residues, the external lines correspond to 
linear combinations of the type Wa (x3) ¥3(r3) which, unlike the case of 
scalar particles, are matrices and not numbers. 


L1 <3 


r2 4 


Let us now look at the diagram time-ordered from top to bottom, i.e. take 
the limit 

£10, 230 —+ —O0, £20,249 —> +00. 
The Green functions that describe the propagation from 2; to x‘, and 


from z/, to x4 do not change, while the two other Green functions give, 
according to the change in the direction of closing the loops around the 


poles, —W (x )W~ (x3), and a similar expression for thé line x}, — 22. 


D1 


r2 


We thus come to the conclusion that (similarly to the case of spin zero 
particles) the external lines in the scattering amplitudes for particles with 
non-zero spins correspond to wave functions instead of Green functions. 
Repeating the calculations (1.130)—(1.131), we see that the transition am- 
plitude differs from the amplitude in the scalar case (1.131) only by the 
spinor factors: 


u corresponds to _ the initial electron, 
au corresponds to the final electron, 
® corresponds to the initial positron, 
and v corresponds to _ the final positron. 


According to (2.59), a factor —1 per positron Green function should be 
included in the transition amplitude. In the above example we had two 
antiparticles, so this did not matter. At the same time, the transition 
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amplitude for the pair creation process yy — ee? where there is but 
one antiparticle line will have an additional minus sign. 

Thus, the transition amplitude S(p1, p2; ki, kz) for a spin 5 1 particle can 
be obtained in the following way: the internal part of the diagram has 
to be calculated in the momentum representation and multiplied by the 
spinors corresponding to the external lines. (Similarly to the case of the 
spin zero particles, the factors 1/ ae will be included in the expression 
for the phase space volume). 


ay 


2.4 Electron—photon interaction 
Let us start, as usual, with the simplest process 


k 


epee 


Pi P2 


and write the amplitude T(k, p2; Pi) explicitly. As we have shown, the 
spinor factors u*(p,) and w* (p2) correspond to the initial- and final-state 
electrons, respectively. The photon is described by the polarization vector 
ey, Correspondingly, the amplitude has the form 


T(k, pa; pi) = Uf (p2)P44(P1, P2, k)ud(pi)e?, (2.62) 


where eer (p1, p2, k) is the vertex (the internal part of the graph). The ad- 
ditional factors like 1/,/2p9, as well as the 6-function corresponding to the 
four-momentum conservation will be taken into account when calculating 
the cross sections. 

Let us now construct the vertex function I'j,. The amplitude alu 
should be a vector. We have three Lorentz vectors at our disposal, the 
matrix y,, and the two independent momentum vectors, k = p; — pg and 
p = pi + po, and can write 


TY = ayy, + bp, Hck, . (2.63) 


We could have also tried more complicated structures like dy - yyp1 + 
dz + p27. We have to remember, however, that [ is sandwiched between 
two spinors which satisfy the Dirac equation, so that these two structures 
redefine the parameter a of the -y,, term in (2.63). 

Similar consideration applies to terms with the opposite order of ma- 
trices: d', - pi, +d5 + Yyh2. Here we use the commutation relation 


PY = Wp Pw = — WW Pw + 29uvPiv = —YpP1 + 2pip (2.64) 
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and observe that these two structures are not independent either. They 
reduce, on the mass shell, to those already present in (2.63) which, there- 
fore, proves to be the most general form of the vertex function. 

Let us write (2.63) in a slightly different form. Due to the commutation 
relation 

YD ale PY p Sa YpP a YD a 2Py 
we have 
U(p2) [Yb + Pyylu(p1) = 2pyt(p2)u(p1). (2.65) 

On the other hand, 


Pi + po = 2p1 — k = 2p +k, 


and 


(p2) Yb + Byylu(p1) = 4miti(p2)yu(p1) + U(p2) (kp —Ypk)u(pr). 
(2.66) 


Thus, we can use ky _ Yk instead of p,: 
TY = ayy, + b(kyy, — Yk) + ckp. (2.67) 
¢ ‘ 
Let us now determine a, b and c (naturally these factors are different here 
from those in (2.63)). The photon emission amplitude should satisfy the 
transversality condition 
k,, (ar?u) = 0: (2.68) 
It follows from (2.67) that 
kT" = ak + ck’, (2.69) 
and thus 
Ui(p2)k,L,u(pr) = afa(p2)(pr — p2)u(pr)] + ck*G(p2)u(p1) = 0. (2.70) 


Since 
ti(p2)(P1 — P2)u(p1) = U(p2)(m — m)u(p1) = 0, 
(2.70) leads to the condition c = 0. 

Generally speaking, there is no restriction on the constant 6. So far 
there are two experimentally known particles: the electron and the muon, 
for which 6 = 0 with very high accuracy (although a small effective 6 is 
generated dynamically even for these particles when one considers more 
complicated radiation processes). 

Usually it is assumed that for the fundamental interaction between the 
elementary fermions and photons 


b=0, a= const. | (2571) 
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This is the hypothesis of a minimal electromagnetic interaction. It is 
justified, on the one hand, by its simplicity. On the other hand, no self- 
consistent theory can be constructed if b # 0. We will show later that 
b # 0 corresponds to the description of particles with anomalous magnetic 
moments. 


Hence, 
Dy = €Yp- (2.72) 


(We will see below in Section 2.5.2 that the numerical factor in (2.72) is 
equal to the charge of the particle.) The invariant amplitude (2.62) for 
photon emission by an electron can now be written as 


T,- = et (pp)é’u*(p1), (2.73) 
where 
Ca Wee 


According to our rules for the amplitudes involving antiparticles, photon 
emission by a positron is described by a similar expression, 


Tor = ev\(pp)é7v" (pf), (2.74) 
where 0 corresponds to the initial, and vw to the final positron with 
physical (positive-energy) momenta pj and pj. 

Consider how the amplitudes of photon emission by an electron and a 
positron are related. Recall that (see (2.48) 


v\(p) = u\(—p) = —[a(p)C]' = Clap)" 
O*(p) = w(—p) = —aw(—p) = [u(p)] "C. 
This leads to 


(2.75) 


Ty+ = ett * (pp é°u-*(pt), (2.76) 


since CéC = [é]' (see (2.46)). Thus, we see that for given initial and final 
particle momenta, T.- (2.73) and T,+ (2.76) are equal up to the values of 
the spin variables (the signs of , ’). 

Let us now look at the relationship between these two amplitudes from 
another angle. For this purpose we redraw the diagram which corresponds 
to photon emission by an electron as 


P10, P20 < 0 
P2 Pi 


and replace 
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In this way we obtain the analytically continued amplitude Toons 
Toont = eti(—py )é°u(—pz ) = —ed(pt )é7v(pf) (2.77) 


which, except for the sign, coincides with the amplitude of photon emis- 
sion by a positron. This is quite natural, since the change of sign of x 
in coordinate space is equivalent to the change of sign of p in momen- 
tum space, and, of course, we obtain the amplitude of an antiparticle by 
replacing p by —p. 

But where has this extra ‘minus’ come from? It is due to the usual 
definition of the amplitude 


age [ever 


where the integrand contains conjugate functions. However, this property 
is not preserved when we analytically continue the amplitude by revers- 
ing the sign of the momenta: u(—pj}) ceases to be the conjugate of the 
function u(—p}) (see (2.75)). 

We need to have a definite prescription for the amplitudes. Hence, 
we would rather not treat T..n4 as an amplitude but instead define the 
physical amplitude in the cross-channel to be 


oe AT 9) (2.78) 


cont 


This sign is irrelevant for calculation of the cross sections. 


2.5 Electron—electron scattering 


We have two topologically different diagrams that contribute to electron— 
electron scattering in the lowest order: 


P1 P3 P1 P4 


p2 pa P2 P3 


The problem arises of how to choose the relative sign of the two ampli- 
tudes? Recalling the Pauli principle, we see that the plus sign cannot be 
correct. In this case the amplitude would not change under the substi- 
tution p3 <— pa, while it has to be antisymmetric for a spin 7 particle. 
Hence, the two diagrams should be subtracted rather than added. 

The question is, whether the choice of the minus sign can be decided 


upon without referring to the Pauli principle? Let us show that the plus 
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sign between the amplitudes is incompatible with the relativistic interac- 
tion theory we are constructing, as it leads to an internal contradiction 
within our scheme. 

There are two basic principles in our theory: the unitarity condition, 
SS*+ = 1, which means that the sum of all probabilities has to be unity, 
and that of causality. It is these two fundamental requirements that allow 
us to fix the sign unambiguously. 


2.5.1 Connection between spin and statistics 


Consider the non-relativistic scattering amplitude (compare with the dis- 
cussion in Section 1.3.2) 


foe = eV (U(r) er. (2.79) 
Writing the wave function V(r’) in terms of the Green function, we 
obtain 
2m 


f=fet vey / eV (G(r r)V (rea ra®r’, 


with fg the amplitude in the Born approximation. 
In terms of the complete orthonormal set of states V,,, the Green func- 
tion has the form 


pa la Une) 
G(r',r) = + 2 Eb? (2.80) 
and hence, 
= 2m wr Srfnk’ 
f= fees Se (2.81) 
where 
fice / ek (r)W,,(r)d°r. (2.82) 


It is critical that the product f*, fx. in the numerator on the right-hand 
side in (2.81) is positive for the case of forward scattering, that is when 
k =k’. This positivity is in fact a result of the unitarity condition (we 
will consider unitarity in more detail in the next chapter). The amplitude 
as a function of energy has a pole at the bound state energy FE = E,,. The 
positivity of the product f*, fn means that the corresponding residue is 
always negative. 

We are ready now to demonstrate that the unitarity condition fixes the 
signs of the different diagrams unambiguously. 
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Consider first the case of scalar particles. We have (compare with 
1.145)) 


Pi t P3 Pi u Pp 
1 
Ss t ae 7 
P2 pa P2 P3 
s = (pi + po)? 
t = (pi — p3)? 
u = (pi — pa)?. 


In the s-channel these diagrams have no singularities in energy (i.e. in s). 
Hence, we cannot use unitarity to fix the sign of the residue at the pole 
in energy. 


Let us go to the t-channel, which means that we ‘look at the diagrams 
from the top. The first diagram then describes the transition 


e-(pi) + eT(ps) + y* — e- (ps) + e* (pF). 


This is a second order process with a virtual y quantum in the intermedi- 
ate state. This intermediate state corresponds to the sum in (2.81). There 
is a pole at t = 0 (t in this channel is the centre-of-mass energy squared) 
which corresponds to the ete” pair annihilation into a real photon, the 
intermediate state with energy E, = 0 (m, = 0). 


Now, by examining the sign of the residue at the pole at t = 0 and 
comparing with that dictated by the unitarity condition, we determine 
the sign of the first diagram (the second one has no singularities in the 
t-channel). In the centre-of-mass frame E,; = E3, Ey = E4, and in the 
near-to-forward scattering case, p1 ~ p4, the numerator of the diagram 
becomes 


2 
(p1 — P3 )u(ps — P32) yp ~ —4P}- 


Thus, the residue at the pole is negative and therefore this diagram should 
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enter the scattering amplitude with a plus sign. 
t 


The sign of the second diagram can be determined in the u-channel where 

u is the centre-of-mass energy squared, and this amplitude has a pole in 

energy at u = 0. Repeating the previous considerations we obtain a plus 

sign for the second diagram. Hence, for bosons (spin zero particles) both 

diagrams should carry a plus sign (compare with (1.145) and (1.146)). 
Now consider the fermions (spin 4 particles) 


a t p3 Pi by Pa 
Re 1 A 1 (2.83) 
p2 P4 P2 P3 
a 7 ieee 
T(8) — + e {u(p3)ypu(p1) | " [U(p4)y.u(p2) | 
(2.84) 


+ e? [G(ps)yu(pr) | - [u(ps)y,u(pe) | . 


As in the previous case, we find the sign of the first amplitude by going 
to the t-channel. To do this, we carry out the replacement 


p3 = —pF , p2=—p,. (2.85) 


Since u(—p}) = —0(pz), and bearing in mind that the physical t-channel 
amplitude 7) differs by sign from the analytically continued amplitude, 
T® = —T), (see (2.78)), we obtain 


- Le 
TO = £6? | (3 yuulrr) | = [ars word) | 
2.86) 
: ae ( 
+ €? [u(pa)yeu(Pi)} — |O(P3) (V3) | - 
We have to choose the plus sign for the first term in order to obtain a 
negative residue in T“) at t = 0. Indeed, only the spatial components 


2.5 Electron-electron scattering 109 


of currents survive in the annihilation diagram near the pole, and the 
currents themselves are complex conjugate to each other 


I 


(uo ww)? = v* (Yom) Tu 

= vt yiyg u = 0(p2)yu(pa) 

(here we used the hermiticity of yo and the anti-hermiticity of y;). Thus, 
the product of the currents at p, ~ p4 turns out to be negative, and the 
residue in T) is also negative if the first diagram in (2.83) carries the 
plus sign. 

Let us figure out the sign of the second diagram, that is the sign of 
the second term in (2.84). In the t-channel the second graph describes 
e-e* scattering, and its sign may be fixed by comparison with the non- 
relativistic limit. 


(a(p4)Yuv(p3 ))* 


P1 D3 


P4 P2 


Non-relativistic amplitudes for particle—particle and antiparticle—particle 
scattering should have opposite signs in accordance with the signs of the 
respective non-relativistic potentials. In other words, the sign of the am- 
plitude corresponding to the second diagram in (2.83) in the ¢-channel 
(eet scattering) should be opposite to that of the first diagram in the 
s-channel (e~e~ ), at least for small energies and small momentum trans- 
fers. However, the amplitudes of photon emission by a particle and an 
antiparticle are the same, since, as we have seen, the minus sign in the 
relation u(—p3 )y,u(—pz) = —0 (pz )yv(p3 ) is compensated by the mi- 
nus due to T) = =), Hence, to preserve the correspondence with the 
non-relativistic theory, the second diagram in (2.83) should carry a minus 
sign, opposite to the first one. 

We can also establish the sign of the second term in (2.84) without 
appealing to the non-relativistic limit. Let us continue the amplitude 
to the u-channel, where the second diagram describes electron-positron 
annihilation, and should therefore be positive due to unitarity (compare 
with the t-channel consideration of the first diagram above). 

We go to the u-channel starting from the t-channel and substitute 


pa = —pi , D3 =e —p3" ' 
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In the process of the s — t — u transition we changed the sign of the 
vector p3 twice: p3 —- —p, > pate Each time the sign of the four- 
momentum changes, p — —p, the Dirac spinor is multiplied by 7 (see 
(2.39)) so after two substitutions it acquires the minus sign. At the same 
time, the sign due to a(pf)y,u(p1) = —0(pt )yu(pi) gets compensated 
by that from T(™) = — wo Therefore, to have a positive-sign expression 
for the annihilation amplitude in the u-channel we have to supply the 
second term in (2.84) with a negative sign, confirming the result we have 
obtained from the correspondence with non-relativistic scattering. 

In the course of the s — t transition both diagrams in (2.83) retained 
their signs (+1 for the first term, —1 for the second one). Going from 
the t- to the u-channel (unlike the s > t case, u(p3) — —d(pz), u(p2) > 
+v(pt)) we now continue two conjugated spinors, 0(p;) > —u(pz~) and 
u(pa) + —v(pj). As a result, taking account of T = —Tront, the signs of 
both amplitudes change. The two diagrams also interchange their réles: 
the annihilation graph turns into the e~et scattering graph, and vice 
versa. 

Given the correct sign prescription for the s-channel diagrams (+graph 
1)/(—graph 2), the amplitudes in the t- and u-channels turn out to be 
identical (modulo labelling of particle momenta). This was to be ex- 
pected because they describe one and the same physical process of e~ e* 
interaction: 


s-channel: + scattering (e~e7) — scattering (e~e7) 
t-channel: + annihilation (e~et) — scattering (e~e*) 
u-channel: —_ scattering (eet) + annihilation (e~e*) 


Thus, we have come to the conclusion that the annihilation and scatter- 
ing diagrams in (2.83) should have opposite signs. Hence, the scattering 
amplitude in the s-channel must be antisymmetric with respect to the 
interchange of momenta of the initial (or of the final) particles, i.e. the 
electrons have to obey Fermi—Dirac statistics. 

Let us remark on a subtlety concerning the overall sign of the interac- 
tion amplitude. If we start from the s-channel and then return to it via 
the t- and u-channels, the sign of the amplitude changes. However, unlike 
the case of the t- and u-channels where different particles interact, in the 
s-channel the interaction takes place between identical particles, and the 
overall sign is unimportant. Indeed, the unitarity condition determines 
only the sign for the amplitude of forward scattering. For identical par- 
ticles, however, the processes of forward and backward scattering are the 
same, and only scattering into one hemisphere makes sense. So, the line 
t = 0 in the Mandelstam plane corresponds to forward scattering for the 
diagram with one sign, and the line u = 0 corresponds to forward scatter- 
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ing for the diagram with the other sign. In other words, the overall sign of 
the s-channel amplitude determines the very notion of forward scattering. 
This is already true in the non-relativistic theory. Consider non-relativistic 


scattering of identical spin 5 particles. The initial and final wave functions 
have the form 


Ww, = e’P1 aad e'P2 T2 =a e’Pi t2 Cae. 


Ww, = et Ps1 e’P4t2 _ 9iP3-T2 e'PtT1 | 


and the scattering amplitude 
J ab X / WV; Ve Va 


has a definite sign (provided the potential has a definite sign) only if 
VU, = Wp, ie. if ps = pi, po = ps. Scattering at an angle 6 > 7/2 is 
equivalent to transposing the final electrons, and the amplitude changes 
sign. 

Let us see what will happen if, after obtaining an amplitude with sign 
opposite to the original one in the s-channel, we once more carry out an 
analytic continuation into the t- and u-channels. Obviously, the ampli- 
tudes we get in the t- and u-channels will also be of opposite sign, i.e. 
T = Tront, unlike what we obtained above. Hence, the relation between 
the continued amplitude e~e~ — ee” and the amplitude ete~ — ete7 
depends on the continuation path. This non-uniqueness is due to the 
uncertainty of the sign of the amplitude e~e” ~e™e™. 

We have obtained a remarkable result here: a connection between spin 
and statistics. We have derived this connection from very general con- 
siderations, using the unitarity condition and the fact that an arbitrary 
amplitude can be obtained via analytic continuation. The latter reflects 
the analyticity of the amplitude which, as we will show, is connected with 
the causality. This means that two fundamental conditions, namely uni- 
tarity and causality, are sufficient for the determination of the signs of 
the amplitudes. Thus, in our theory the experimentally established Pauli 
principle is satisfied automatically. 


2.5.2 Electron charge 


In the region of small scattering angles our amplitude is simply the usual 
amplitude of Coulomb scattering. Having this in mind, we can show that 
the coupling constant e in (2.84) is just the electric charge. Small scatter- 
ing angles correspond to p3 ~ pi, p2 ~ pa, i.e. t ~ 0. The first amplitude 
is proportional to 1/t, so that we can neglect the second (exchange) am- 
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plitude which remains finite in the limit t — 0. 


P1 P3 


oh | Re 


P2 P4 


Let us calculate a(p3)y,u(pi) for p3 ~ pi. Using pi +m = pi — m+ 2m, 
(61 — m)u = 0, and 

Wht = —Piye + 2pip, 
we can write 


_ > =i m+ pi 
u(ps)yiu(pi) = U(p1)yu(pr) ~ U(p1)Yu oe, u(p1) ee 
_, .m—pr u(pi)u(pi) 
= U(p1)— > Yup) + 2P1p—— 5 = Pty 
Similarly, 
U(ps)yu(p2) & 2pop. (2.88) 
Then in the non-relativistic limit we have 
e” 4e?m? 
ie | Pip C 27P2n = = (2.89) 


This is the usual Coulomb scattering amplitude, which coincides with 
(1.147) for spinless’particles. In other words, the spin of the electron plays 
no role at small momentum transfers: spinor vertices (2.87) and (2.88) 
coincide with the electrodynamic vertices for scalar particles, p1,, + p3y, ~ 


2Pip» P2n + Pap ~ 2p2,. We see from (2.89) that the coupling constant e 
is the electric charge. 


2.6 The Compton effect 
Consider, as usual, the simplest diagrams describing the Compton effect. 


ko k202 kio1 ko02 


1A1 p2r2, pidAy p2A2 
Fig. 2.1 
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The second of these graphs may also be drawn as 


ky pe 
p2 — ky = pi — ke 


Pi 1) 


The Compton scattering amplitude can be written as 


(= F242 (p2)Mv,u™ (p)e?, (2.90) 
where 
My =e f ae 
Vila lara ay, =... oom 
m—p, — ky” “m—pitko (2.91) 
2e¢|% (Aitkitm)y | lpi —ke+m)y 
m* —(p, +h)? * m?— (pi — ke)? |’ 
and 
(pi + ky)? = 8, (pi — ko)? =u. 
To show that the current conservation conditions 
kay Mvp = 0, kipMovyz = 0 (2.92) 


are satisfied automatically, let us calculate 


A 1 1 a 
kop My, = e? ep + %y—@————— kp | . 
= m—po—ko” "“m-—fi+ke 
The amplitude M,,, enters only between the on-mass-shell spinors, hence, 
we can add po — m and pf; — m in the numerators. Due to the Dirac 
equation the amplitude will not change. So, 


—— iL 1 a . 
kay My yp, = e? | hata) +4 hath) 
m—po—kp m—pit+ke 


= e*(—Iy + Yu) = 0. 


Similarly, we can prove the second identity in (2.92). 

Calculation of the amplitude is difficult because of the large number 
of spin variables. To avoid complications, let us consider the simplest 
experimental situation and calculate the total cross section for scattering 
into all possible electron and photon polarizations in the final state, for 
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the case when the incident beams are unpolarized. This means that we 
have to sum the cross section, 


Bpod3 ko 
(27)®2k292p20 


poze | 


= =| sane (2.93) 


da (2n)* 6(py + ki — ka) 


over all final polarizations and average over all initial polarizations: 
e201 |” 


3 ae - IP hel = 7 i evtesters tes o2* 
2A1 


4 aes (2.94) 


\ 


x (a (p2) My ,.u™ (p1)) (a (p2)My,u™ (p1))' 9 


Summation goes only over two transverse photon polarizations o = 1, 2. 
Conservation of current, however, allows us to perform summation over 
all four polarizations, since the extra polarizations will not contribute to 
the sum due to (2.92). We then effectively have (see discussion after (1.88) 
in Section 1.5.4) 


3 
me eqney > ene = —Iup!: 
OSI Pe o1=0 
Introducing 
My = 10 Mi, ‘Yo (2.95) 


and using the identity yoyo = 1, we can write (2.94) as 


» 


- > (a? M,y.u) (a? M, unt yt 
er 


aa De A2 M,, yur 1)(u* MI, you =I 
. 


= 7 wm, pw) (a™ yoMI 79 w?) 
4 on 


= 7M, yur?) (a My yu). (2.96) 
A1A2 


From the explicit form (2.91) of the amplitude M,,, it follows that 
Myy = My. (2.97) 


(To verify, recall {yo7;} = 0, ~ = 70; “f =—-%.) 
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Now we are ready to sum over fermion polarizations 41, 2. Let us 
write (2. S in the matrix form 


= a) )( Muy)? (pi )@ (p1)(Myv) 60? (pa) 


“ 2 


= ox (Mv )aa (Bi + ™)p4(Myv).5(B2 + m)60 (2.98) 
= 


7 = Tr[Miyu(b1 + m)Myw(p2+m)], 
where we have used the identity 


>- ua(p)a3(p) = (6+ Mag 
Xr 


Thus, we have reduced the summation over the fermion polarizations to 
calculation of the trace of a matrix. 
It is convenient to write the phase volumes in the form 


d 

See = A*p2b(p} — m”) 
‘P20 

d* ko 4 2 
—_— = Ry: 
Dkoo d*k254.(k3) 


5 . y 
The expression for the cross section then becomes 


1 P 
do= agi Abs (pi a5 m)Myr (po a m) My) 


dtkod*p, (2.99) 


(27)° 

As in the case of scalar particles, the calculation of the cross section 
(2.99) can be described graphically. Consider the first diagram. It has 
to be multiplied by its Hermitian conjugate which corresponds to the 
interchange of ki, pi and ko, po: 


x 64(p3 — m?)54(k3)(20)*6(p1 +ki —p2—kea) 


ky ko ke ky 
x 
1 2 2 1 
Instead of this symbolic product we draw 
ky ky 


pi D2 Pi 
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This new diagram is convenient from a purely technical point of view: it 
shows that the cross section may be calculated by the same rules as the 
amplitude. The difference is that for the lines marked by x the denomina- 
tors in the propagators 1/k3 and (m + po) /(m? — pz) = 1/(m — fz) should 
be substituted by the 6-functions, i.e. real particles correspond to such 
lines. The factor (po +m) = >> u(p2)ti(p2) in the numerator describes the 
sum over polarizations of the final electron while (p; +m) = >> u(p1)u(p1) 
arises from averaging over the initial polarization states. Apart from the 
substitution 1/(m? — p*) — 64(m? — p*) for the final state particles, the 
only difference between the diagrams for the amplitude and the cross 
section is an extra factor (27)? in the latter case. 


Similarly, squaring the second graph in Fig. 2.1 we obtain 


ky P2 ky 


Pi ko P1 


In addition, interference terms arise from the multiplication of different 
diagrams in Fig. 2.1: 


ky ky ky ky 
P2 P2 
-- 
ko ko 
Pi 
P1 Pi Pl 
All these contributions can easily be obtained from the explicit expression 


for the product M,,M,, in (2.99). Hence, the cross section may be 
represented as a sum of the following diagrams: 


oo 
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Let us now calculate the trace. For the first diagram we have 


1 pS - a 
iu imo a l + ki +m) yy (bi + m)%p (2.100) 


x (p1 + ky +m) (p2 + m)y.| ; 


We have inserted into (2.98) the first term of M,, given in (2.91) that 
corresponds to the first diagram, and shifted y, from the beginning to the 
end of the expression for the trace, using its cyclic invariance. 

Some useful auxiliary formulae which simplify further calculations are 
due: 


1 
nC) aa, (2.101) 


1 
4 PEG diiaaine Wm) = GpipeGusyus et G23 9p pas — Gur ps9p2p - (2.102) 


Trace of the product of an odd number of y,-matrices equals zero. 
Let us show, for example, how to obtain (2.101). We have 


i i 
— Tr.) = ri Sig Payry 


4 
On the other hand, 5 
i! 5 ae 2 
4 Tr(YyWw) = a Tr(Wwp) + ri Tr(Z) Quv- 
Subtracting the two equalities we get (2.101). It is also easy to check 
(2:102). 


Applying the commutation relations for the y-matrices, it is straightfor- 
ward to derive the following useful relations involving arbitrary matrices 


ASB, and C: 
Woy = —2C, (2.103) 
wABCy, = —2CBA. (2.104) 
For example, the first identity may be proved as follows: 
WC = Cy pW = ~WWw wu + 2Cv guy Yu 
= —AC yyy + 2C yyy = —2C, (ag 4). 
Applying (2.103), we get 
1 4 
8,u) = — —s5——5 
Fe) =| Gt 5p (2.105) 
< Tr [(p1 + bs +m) (2m — fr) (br + by + m)(2m—pa)} 
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Only the terms in (2.105) that contain products of even numbers of 
y-matrices (0,2,4) give non-vanishing contributions. Using (2.101) and 
(2.102), we obtain 


4 
f(s,u) = aor 4m — 2m? po(pi+ki) + m7 pipe — 2m*pi (pi +1) 


— 2m? po(pi+k1) + 4m? (p1 +k1)? — 2m pi (pi +k1) 
al a a Av ogs 
+t l(é: + ky)B2(p1 + ix pi) 
_ 4 
~ (m? — s)? 


1 ” AS ees ioe 
+ 4m? s + Z Tr [+ k1)po(pi + k)pr| } 


{ 4m! — 4m? (py + po)(pitki) + m* pipe 


Note that 
(p1 + po)(p1 +k) = s+m?, 


since pi + ki = po + ko and 
2p1 (pi tk) = 2m?42piky = m?+(m?+2p,k1) = m?+(pi +k)? = m?+s. 
This leads to 
1 DB} A SL NA se , a 
f(s,u) = ae {4m Pipes i (a + ky)po(p1 + ky )pa \ 
Calculating the remaining trace with the help of (2.102), 
ue l + k1)p2(B2 + ko)pa | = 2(s + m?)? — 4s pipe, 
we arrive at 


f(s,u) wg [(s + m?)? — 2prpo(s — m?)] 


(m? —s 
We can write 2p;p2 in terms of the invariant variables: 
t = (pi — p2)* = 2m? — 2p ipo, 


so that 
Qpipo = 2m*—t = s+u. (s+t+u= 2m’) 


Finally, this gives 


F(s,u) = ag [le + m2)? — (6 + w)(o— m?) 


7 aay [4m — (u—m?)(s—m?) + 2m?(s—m?)] . 


(2.106) 
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The second form of the answer is better suited for exploiting the s © u 
symmetry: replacing s by u in (2.106), we get the expression for the 
second diagram for the cross section (the square of the second term in the 
amplitude (2.91)). Indeed, this term can be obtained from the first one by 
the substitution kj — —k2 and yp « v. Renaming the vector indices does 
not affect the result. Substituting —k2 for k; results in s = (p; + ky)? > 
(p, — k2)* = u. Hence, the contribution of the second diagram is just 
Le (u, 8). 

The traces of the interference terms (we call them g(s,u) and g(u, s)) 
may be calculated in a similar way: 


2m? 


g(s wr [4m? eee ee m?| (2.107) 


m? — s)(m2 — u) 
We have 
; Tr (pr EF m) M1, (po ti m)Myv] 
= e*|f(s,u) + f(u,s) + 9(u,s) + 9(s,u)]. 


Taking into account (2.108), the cross section (2.99¥ can be written as 


(2.108) 


4 
do = =I f(s,u) + f(u,s) + 9(u, s) + 9(s, u)] 
dkadp, (2.109) 


x 54.(p3 os m?)5,.(k5)6(p1 +k, — p2 — ka) (Qn)? ’ 


where the invariant flux is the same as in (1.138), 
TF =Aporkor J, (2.110) 


with the relative flux 7 given by the individual fluxes of the colliding 
particles as in (1.137). Explicitly, we have 


= {k]| — ju(pi)yu(p1)| , [ki] — [pil , {kil 
= DN ea ee 
i = |W(p1,2)yU (pi, z)| te ko 2n10 k10 P10 ki0 


We still have to calculate the phase volume. Let us first integrate 
(2.109) over po with the help of the 6-function. We get 
4 
do = T[f(s,u) + f(u,s) + 9(u, 8) + 9(s,0)] 


J 
4 
x 54 (p— ha)? — m?) 58) 


(2.111) 


where p = p; + ki, and 
(p — ko)? = p* — 2pke + kg = 8 — 2pko. 


120 2 Particles with spin ¢ 


In the centre-of-mass frame we have 
54.((p — kg)? — m?) = 6(s — 2ppkao — m”) = 5(s — 2\/sko —m*). (2.112) 
The corresponding invariant flux is 
J = 4(\pilkio + |kilpio) = 41ki|(kio + pio) = 4|kil vs. (2.113) 
Let us introduce an invariant phase volume element 


d*ka 


dt = 554((P — ha)? — mi?) 64. (88) (2.114) 


Taking into account (2.112) and (2.113), 


uf JVs m? d4 ko 
a Aas 2 (2v8 ie ae kn 54. (ke — KS) One Dae 


Integrating over ko9 with the help of the first 6-function, we have 


2 
1 s—m? d® ke 
dt eee 6, | | ee 
8iki|s 7 (| 2/8 ) (27)? 


Introducing spherical coordinates 


k 
a ky = k3d|ko|dQ = | Meal na, 
we integrate over k?: 
_ 1 [kyl dQ 
= 168 ik, aye a 
The 6-function gives us the photon momentum: 
\ko| = — is 2.116 
P|) == 2./s * ( - ) 
In the centre-of-mass frame, however, |k;| = |k2| = k. The initial- and 
final-state momenta cancel in the ratio, and we have 
~ 16s (27)2" (2.10 


Let us represent dQ in terms of the invariant variables 


t = —2k?(1 — cos6); dt = 2k7d(cos 6). 
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Since dQ = d(cos @)dy = 27d(cos@), we have 


dt see | 
dQ. = 2x —~ =—— ~—. 
"OR? 16s 2k? Qn 
We take now k* from (2.116) to finally obtain 


1 dt 


This is a standard procedure for the calculation of phase volumes. 

We are now ready to write the expression for the cross section. Tak- 
ing the phase volume (2.118) and substituting (2.106) and (2.107) into 
(2.111), we obtain the final expression for the cross section of elastic 
electron—photon scattering: 


d A dt 3 m? si m2 \? 
° = T6m (m2? — 82 s—m* u-—m? 


in m2 P m2 1 um? | s—m 
s—m2 u—m? 4\s—m2  w—m?]|- 


This is the well-known Klein—Nishina formula. 


(2.119) 


2.6.1 Compton scattering at small energies 


Consider Compton scattering in the laboratory frame where the initial 
electron is at rest. In this case 


s=(pit+ ky)? = (kio + m)? = 1s = m* + 2mkyo. 
Denote ki9 = w, koag9 = w’. Then 
s =m? + 2mw 


and, similarly, 
u = (p1 — ke)? = m? — 2mu!. 


For the momentum transfer between the photons we have 
t = (ky — ka)? = —2ky ke = —2ww! + 2ww’ cos 6 = —2ww' (1 — cos 6). 
On the other hand, 
t = (p1 — po)® = 2m? — 2mpo9 = 2m(m — p20) = 2m(w — w), 


i.e. 
Quw'(1 — cos 0) = 2m(w — uw’). 
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Hence, the photon energy change after the scattering (the Compton fre- 
quency shift) is 


m (5 = =) = 1-cos@. (2.120) 


Let us consider separate terms on the right-hand side of (2.119) in the 
laboratory frame: 


m? m m om 
s—m2 \ Ww’ u— m2 Dus!” 


Summing them, we get 


2 2 
m m mfl1 i il 
—_—_~ + ——_~ = — | ~ —- — } = —=(1 — cos@). 
o— mt u— me 2 (= =) 3! 7 
Similarly, 
wom wt 
s—-m2 w 
and 


dt = 2ww'd(cos 9) — 2w(1 — cos @) dw’ = —C — cos 6)dt + 2ww’d(cos 6) , 
which, with the help of (2.120), leads to 
dt = 2w’” d(cos 6). 
Inserting these expressions in (2.119), we obtain 
4 1W\ 2 ! 
e Ww Tew aN ae 
Cis er (=) F (= + ~) ~ 7sin i d(cos 6) 
2\2 Err) 
- ‘eee (ce ww wae 
= (<) Dent (=) F of a sin €Q.,", 
where dQ, = 27d(cos 6). 
For small energies w < m of the initial photon (Thomson limit), from 


(2.120) follows w’/w — 1, the cross section becomes energy-independent 
and we obtain the Rayleigh—Thomson formula: 


da et 7 pene 
dQ -—> Ee alee : (2.122) 


(2.121) 


Note that e?/4mm = re ~ 2.8- 107}8 cm is the classical electron radius. 
This means that at small energies 


Oey ~ Tr’. 
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2.6.2 Compton scattering at high energies 


Let us discuss the behaviour of the cross sections at high energies s >> m?. 
For this purpose it will be more convenient to use (219). 


a 


(1) Consider first the region |t] ~ m? < s ~ |u|. In this case 


e4 dt e*dt dQ 


i.e. the cross section in the region of small momentum transfer decreases 
rather fast with the growth of s. 

(2) In the region of small wu (i.e. at very large momentum transfer |t| ~ s, 
s +t = O(m7)) the cross section in a unit solid angle, 


edt 1 dQ 


ee 
87 s m2—u m2’ 


da (2.124) 
is larger and does not depend on s. This means that at high energies the 
photons in the centre-of-mass frame scatter mainly backward, since 

s 


u = (p; — ko)? ~ —2p2(1 + cos6) ~ 5 + cos 6), 
and finite |u| = O(m?) correspond to 7 — 6 ~ m?/s — 0. 

How can we explain why the photons scatter mainly at 180°? It suffices 
to have a look at the two diagrams in Fig. 2.1. The first one corresponds to 
interaction of point-like particles. Here only one partial wave contributes 
so that the cross section does not depend on the angle (t, wu), and its size 
is determined by the wavelength of the intermediate virtual state: 
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Now look at the second diagram, the one that is responsible for the scat- 
tering peak in the backward direction. The process described by the 
graph 


ky P2 


Pi kp 


actually goes with a small momentum transfer |u| ~ m?. In this process, 
however, the electron turns into a photon! The individuality of a particle 
in relativistic theory is less important than the momentum transfer. It is 
also clear why in this case the cross section does not fall with increasing 
energy: the region where the photon can be absorbed is now determined 
not by the small photon wavelength but by the distance between the 
interaction points. 


virtual 
— electron 


This distance can be estimated from the uncertainty relations. A virtual 
electron exists during the time interval 


and propagates at a finite distance Ar ~ 1/m. This is why only the 
u-channel exchange process is relevant at high energies, in accordance 
with (2.124). The total cross section, however, remains small, since the 
backward peak where the distribution is finite, 


is very narrow: |dQ| « m?/s. 
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2.7 Electron—positron annihilation into two photons 


et +e7 — 2y 


The annihilation of an electron positron pair into two photons is the t- 
channel partner process of photon -electron (Compton) scattering. So, we 
take the diagrams for the latter, 


ky ko e p2 
Pont a g : 
Pi p2 Pi ko 


and carry out the substitutions 


po=—py, hk =—kf. (2.125) 
The picture can be redrawn then as 
Pi ky 
Pi ke 
ae 
py ky 
Pz ke 


The internal parts of the diagrams do not change and are still described 


by the tensor M,,,, as before. 
The annihilation cross section has the form 


] 
do = = S~ |8(ph ef Myesiw™ (pi) Par 
q1co (2.126) 


if a - 
= Tr [Muy (Pr +m)My,(m— pS)| dl. 
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We have summed here over the positron polarizations in the initial state. 
> va (py ea(PT) = —(m — BP awa 
a 


instead of summation over the eleetron polarizations in the final state in 
the case of the Compton effect: 


> ud(p2)a3(p2) = (m + Pa)as- 
X 


The minus sign on the right-hand side is due to the fact that w(-p) = 
~t(p) while u(—p) = v(p). Apart from the overall minus sign, calculation 
of the trace gives the same result. in terms of s. tou. as in the case of 
seattering. The Mandelstam variables. however, now have a new inter- 
pretation: ¢ is the total energy squared in the centreofmass frame. and 
s,u <0 are the momentum transfers. 

Thus, the cross section in invariant variables reads 


2 
alll m? m? m2 m? 
dr = ~ SE a ‘+ « =~ 


m?—s m?—-u 
(2.127) 
2 2 

s—-m 

+ —_ == ee 
u—- m-* 


u—m 
s—m? 


where dV is the phase volume divided by the Hux. It is ditferent from 
that in the case of Compton seattering. sivee both the phase velume of 
two photons and the flux of the initial eTe* differ from the phase velume 
and the flux for an electron and a photon. 

We have already calculated the invariant flux and the two-particle phase 
volume in the centre-of-mass frame: 


J = Mok. (2.128) 
1 ky ay . 
a = 16E2 _ Qn?’ (2.129) 


with E.. the total energy and &,. ky the moduli of the cam. threemementa 
of initial and final particles, respectively (see (2.113) and (2.115). 
In the present case, t plays the role of energy, = E7. Let us tind the 


momenta ky = [pi] = (ps} and ky = {ky | = (ky in terms of invariant 
variables. In the centre of mass of two particles, py = —pg. |pi! = )pe) = 
k, we have 


E. = pro + pao = yni +k? 4+ ym3 +k. 


Solving the quadratic equation for & we obtain the general expression 


k= 


2K. 


yi B3 — 2E2(m} + m3) + (m3? — m3)?. (2.130) 
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In our case the initial state consists of two electrons (m, = m2 =m), the 
final state of two photons (m1 = m2 = 0), and (2.130) gives 


Vt — 4m? t 
ky = — 9°? ky _ vet (2.131) 
In the cross channel of the photon-electron scattering m; = m, m2 = 0, 


E? = s, and we would obtain from (2.130) 


s—m? 


2/8 


(compare with (2.116)). The centre-of-mass momenta coincide because 
for the photon-electron scattering the initial and the final state contain 
the same particles. 

Substituting (2.131) into (2.129) we derive 


Pom 1 dQ 
~ [6 RE an) Ox 


Writing dQ in terms of invariant variables, we could obtain a relativisti- 
cally invariant expression, valid in an arbitrary reference frame. We have 
done such an invariant calculation above for the Compton effect. 

Let us now analyse the annihilation cross section 


(2.132) 


— e4 il m “ m? : 
= 2 /t(t — 4m?) m—s m-—u 


m2 m? 1 fu—m? s—m? dQ 
+ +——, -< - 


s—-m u—m2 4 


(2.133) 


s—m2 u—m? 


The physical region for this process is determined by the condition t > 
Am2. The cross section (2.133) is obviously s + u symmetric, as this 
transformation corresponds to interchanging the identical final state pho- 
tons. In terms of the angle @ between the directions of the initial ere” 
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and the final photons in the c.m. frame, the momentum transfer variables 
read 


aes; 
m—s = E ( - =i 0) ; (2.134) 
2 t 2 
ge 
m—u = 5 (15 <a) (2185 


Transposing s and u is equivalent to redefining the angle: 6 > 7 — 0. 
We will discuss the behaviour of the cross section in two special cases: 
at the threshold, t + 4m?, and at very high energies t >> 4m?. 


2.7.1 Annihilation near threshold 


In the threshold region, t + 4m?, we have dl’ — oo with t + 4m? and 
the cross section becomes very large (da — oo). Physically this can be 
understood as follows. The region t— 4m? < m? corresponds to very slow 
incident particles whose flux is very small: 7 « v < 1. The cross section 
is the ratio of the probability of the process and the flux, 


|W? 
j 


and therefore da — oo. One can ask why have we not observed a situation 
like this in the case of elastic scattering, where the flux also goes to zero 
at the threshold, 7 — 0. The reason is that, for elastic scattering, the 
number of final states is also small when j — 0 so that |W|? — 0 and 
the ratio is finite. In the case of annihilation, final photons always have 
finite energies, ks > m, even in the vicinity of the threshold t = 4m?. The 
phase volume of these final state photons therefore remains finite (does 
not vanish) and hence the cross section turns out to be singular at the 
threshold. 


2.7.2 ete~ annthilation at very high energies 


Now let the annihilation energy be very large: t >> 4m?. In the case of 
large —s ~ —u ~ t/2 (which corresponds to scattering at large angles 
@ ~ 90°) the cross section is 


(2.136) 


and decreases with energy. 
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Consider the situation where one of the momentum transfers is kept 
finite, for example, —u = O(m”) while —s ~ t > 4m?. The cross section 
in this kinematical region is 


do ~ — —s 2.1 
8 m2 —u (2r)?’ Pas") 
and does not depend on energy. 
The contribution (2.137) is due to the second diagram, which describes 
transmutation of an electron into a photon with a finite momentum trans- 


fer u. Similarly, when —s = O(m?), —u ~ t > 4m? the main contribution 
comes from the first graph, and 


em dQ 
do x — ——, 
8 m2 — s (27)? 


(2.138) 


According to (2.134), (2.135) these regions correspond to very small 
angles, @ = O(2m/,/t) « 1 (finite s) or r—6 = O(2m/V) (finite u). The 
situation is similar to that in the case of elastic scattering: the photons 
produced closely follow the direction of the colliding particles. 

Comparing (2.137) and (2.124) we learn another lesson of what happens 
in relativistic theory: at high energies (and the same momentum transfer) 
the cross sections of two entirely different processes, Compton scattering 
and electron—positron annihilation, coincide: 

e4 dQ 


ee on ae 


(the corresponding kinematical regions are marked on the Mandelstam 
plane below). 


u=O0 


annihilation 


a 
Compton effect 
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2.8 Electron scattering in an external field 


Consider the scattering of an electron off a heavy particle of mass M (a 
proton, for example). If m < M and the momentum transfer q is not 
very large, this heavy particle will experience almost no recoil. Momenta 
of the individual particles are related by 


q = Pi—P, = P)— Ppa. ~. (2.139) 
P1 Pi 
| es 
| 
Y q 
1 
Os 
Poe : — we 
If the heavy particle M is initially at rest, 
12 2 
1weM+P2_m lal 
P20 i 2M ¥ 2M 


Its energy practically does not change provided q?/2M < M, so that we 
can ignore the heavy particle recoil and treat the process as the scattering 
of the electron by a static external field (qo ~ 0). 

Let us assume that, like the electron, the heavy particle has spin 5: 
First, consider photon emission by the heavy particle. Using (2.139) and 
the Dirac equation, it is easy to prove the identity 


20(pp) (bop + Poy.) u(p2) = U(py)[(P2 + p’2) Yu + Yw(2 + P’2)]u(p2) 
= U(p5)[(—4 + 2p'2)9u + Yu(2ho + Dlu(p2) 
= 4M U(p)yp,u(pe) + U(po) fru — @yp]u(pe). 


This gives for the heavy particle vertex 


(pe a8 Pa) yu, 


ti(py)¥4(p2) = ae (p>)u(p2) ee fi(ph,) ee. 


aay ulp2), (2.140) 


where 

5 : 
We shall calculate the vertex in the non-relativistic limit Mf — oo, keeping 
track of the first. order correction terms O(|q|/M) < 1. The Dirac spinors 
have the form 


v(m) = vom), 1 (= VO 9 ), 


am PN 


Cw = 


(2.141) 


2.8 Electron scattering in an external field 131 


where we have put p2 = 0, p5 = q, and neglected a quadratic correction 


O(\q\?/M?). 
Calculating the first term on the right-hand side of (2.140) the lower 
component of the spinor u(p5) can be ignored: 


U(p5)u(pe) = 2M +O (= ~ 2M. (2.142) 


Let us examine 
u(ps) O py u(p2). 


The terms containing oo; = yo7; mix the upper and lower components of 
Dirac spinors and give a small contribution because 


so * ~F°q 0 lq| 
j ~ 2M —— ~ — 


which expression is multiplied by another small factor O (|q|/M) in (2.140). 
We are left with the terms containing matrices with the spatial indices 


_ __{ gia; 0 
da Sb aa 0 030; 


sandwiched between the spinors. From the explicit form of the spinors it 
is clear that the contribution of lower components to the products woj;u 
is again negligible. Hence, we obtain from (2.140) 


@ (py) you*(pe) = 2M 6), y, 
a (py) iu (pe) G Or — Gj (PY F105 Yr); 


with accuracy up to the linear terms in |q|/M. 
Thus, the scattering amplitude of the electron in an external field has 
the form 


T = e(a(p,) yo ul(pi)- Ao(a) — (pi) % u(pr) - Ai(@)) , (2.143) 
where 
2M 2M .f 4 (cal) 
=e—> 5 ee Olay 2.144 
a A; at (5 aa y ( ) 


In the derivation of the expression for A; we have used the identities for 
the Pauli matrices 


O40; Oj = 1igkOk YG = —iloq|i. 


£32 2 Particles with spin 3 


The function Ag(q) is the Fourier component of the Coulomb field gen- 
erated by the heavy particle.* The first term in the expression for A; 
is the Fourier component of the vector potential created by the particle 
convection current, while the second term is the Fourier component of the 
vector potential created by its magnetic moment. The term proportional 
to (eo /2M) corresponds to the usual Bohr magneton. In the case of the 
electron, the magnetic moment coincides with the Bohr magneton. 

For the proton one also has to account for the anomalous magnetic 
moment [lanom. Accordingly, we have to write (1 + flanom)[oq] in (2.144) 
instead of [oq]. , 

Scattering by an external field corresponds to the limit M — oo. The 
expression for the cross section contains (2M)? in the numerator (coming 
from |T|*) and (2M)? in the denominator (coming from the phase volume 
and the current) which cancel each other. The terms in the amplitude 
corresponding to the current and the magnetic moment tend to zero for 
an infinitely heavy target. Hence, the cross section in this case will be 
determined by the Coulomb potential of the source 


( 


q?’ 


Ap = 


thus restoring the common normalization of the potential. 


2.9 Electron bremsstrahlung in an external field 


Due to conservation laws, a free electron cannot emit a photon. The 
presence of an external field makes such a process possible. Consider the 
diagrams 


Yu Yu 


P1 p2 Pi 


| uti p2 
I { 
Ay 4 a 4 
| | 
{ | 


They describe the emission of a photon by an electron before and after 
the scattering, respectively. The amplitude Fi,ems; which corresponds to 


* Compared with the ordinary scalar and vector potentials, Ao(q) and A;(q) contain an 
extra factor 2M. As we will see in the next paragraph, this extra factor disappears 
in the calculation of the cross section for electron scattering by a heavy Coulomb 
source. 
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these graphs can be written as 

_, \. m+pot+k ; 
Treins = €ti(p2)e— — * —- A(q)u(p1) 

m+ pi — 


yeeulr): 


ae eu(p2)A() a BP 


We will consider only the two most interesting cases. 


_ 2.9.1 Emission of a soft photon by a low energy electron 


In this case we have pig ~ m, k < m. Due to the pole in the electron 
Green function 1/(m—p, +k) the amplitude of this process is very large. 
Physically this is due to the fact that the emission of soft photons begins 
far away from the scatterer and takes place over a large region. 

Let us calculate the numerators in (2.145) in the soft photon approxi- 
mation. For the first numerator, 


é(m + po) + ék = (m — po)é + 2(epo) + ek ~ 2(epe), 
since 

ép = CuPy Vv = CuPv (—WwYp at 29uv) = ze a 2(ep). 
_ Similarly, for the second numerator 
(m+ pr)é — ké ~ 2(epr). 


Substituting these expressions in (2.145), we obtain 


2(€p2) 2(ep1) - 4 
Picea, =e m2 — (pp +k)? [- ty u(p2)A(q)u(p1). 
The function r 

f2(q) = a(p2)A(q)u(p1) 


is nothing but the electron scattering amplitude in the external field. The 
bremsstrahlung amplitude becomes 


Epi e€p2 
A rems — 3 la 4 . 2.146 
brane = €f6(a) | Pe — FE (2.146) 


In the non-relativistic case |pi| < m, pik ~ mk. This gives 
€ 
jena = falay e- (v2 rz v1), (2.147) 


where vj 2 = pi.2/m are the velocities of the electron before and after 
scattering. The expression (2.147) coincides with the result given by 
classical electrodynamics for the bremsstrahlung. 
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Let us calculate the corresponding cross section: 


1 : ch 
Cyrene = 7 |Pvems|?@*p26(D3 i m?)(2r)*6(po oi k 9 oh — 1D) raqyet* yi 


The cross section for electron scattering in an external field has the form 


= Fifa? 52% 60} — m?)(2n)*8(pn +k — Pa — 4). 


Hence, we may write the bremsstrahlung cross section as 
a HER gga 
dG irene = do; Pe ; (v2 a v1)? “ (273 ( 


With the help of the relation 


d*k dkokdk? 9 dko ko 
—— ke — k*)dQ = —dQ 
(anya OUR) = aay Oko — Bd = Es 
we get 
e? dk 
2 0 
dO brems = ACs Ges ale (v2 —vi)| dQ—— ko’ 
or, taking into account that e?/42 = a = 1/137, 
dQ. dk 
2 0 
= _ ——. 14 
ilo dos a (v2 — vi) ra (2.148) 


We see that (dotrems/dkp) — 00 when kp — 0, and the total cross section 
is logarithmically divergent in the small frequency region. Integrating the 
cross section over photon energy from ko min to komax we obtain 


dgv= dc, = le: (v2 — vi)|? - 2in Fomax 


(2.149) 
min 

The frequencies of the emitted photons are limited from above by the 
energy of the electron, komax < pio ~ m. The lower limit, ko min, however, 
can be chosen within our approximation to be arbitrarily small. 

An attempt to include very soft photons by putting komin = 0 imme 
diately leads to a difficulty in the form of an infinite cross section. This 
problem is called the infrared catastrophe. 

The reason for it is pretty obvious: we are attempting to use the lowest 
order approximation in the coupling constant a in the region where it 
is not valid any more. Indeed, (2.149) establishes the criterion for the 
applicability of the lowest order approximation in a. It is valid only when 
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the bremsstrahlung cross section may be considered as a correction to the 
cross section of the process without bremsstrahlung, i.e. when 


Qa ko max 
ln ——— 


a 
us ko min 


If this inequality is violated, processes with emission of more bremsstrahl- 
ung photons are not suppressed and should be taken into account. 

We can easily understand this from another perspective. At k — 0 we 
have a classical electromagnetic field which means the presence of a large 
number of photons. Naturally, in this case we cannot restrict ourselves to 
a process with the emission of only one photon. We shall return to this 
problem later when we discuss higher order corrections. 


2.9.2 Soft radiation off a high energy electron 


Now consider the second case of bremsstrahlung when 


k 
pio > ™, . le (2.150) 


g 


Neglecting the terms ék in the numerators of (2.145), we get, as before, 
€P1 Ep2 
irems = € [oe 
b fs (q) pik pok 
Further, for the photon emitted at angle 0;, we have 


2 
m 
(pik) = pioko — |pilko cos #1 = |pilko p — cos poe 2p? 


? 


since, due to (2.150), p19 can be expanded as 


2 
mm 
P10 = ym? + Pi = \p1) pil 


. . . . aes 2 
For small emission angles 1 — cos 6, ~ 67/2, and introducing = ne pe 
we can write 


| k; 
(pik) ~ Buh (62 + 08) (2.151) 


If 6; <1, 0) <1, the denominator in the amplitude will again be small 
and the probability of bremsstrahlung will be large. In other words, the 
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bremsstrahlung photons are emitted mainly at small angles. 


£ Pp2 
The numerator in the expression for the amplitude equals 


(ep1) = —|pi|siné; ~ —|pi]% 


(the photon polarization lies in the scattering plane {pi,p2}). Similar 
expressions can be obtained for the second term of the amplitude. The 
result is 5 9 9 
e 2 
Dh a —fs(q) k xa “~ 62 + 62 ; 
The large electron momenta have cancelled. 

The expression (2.152) shows that if the electron is scattered at a small 
angle, 6; < 6, ~ 42, the photon emission amplitudes before and after 
scattering are subtracted from each other, and there is practically no 
bremsstrahlung. (No scattering — no radiation.) If, however, the scat- 
tering goes at a sufficiently large angle, 0, > 09, one of the two ampli- 
tudes can be much larger than the other, so that the cancellation will no 
longer occur. This happens in two cases: 62 ~ 6, >> 6 or, vice versa, 
Oued, 02. 

This means that in the relativistic case the bremsstrahlung is concen- 
trated inside two narrow cones, 6; < 65, 82 < 4;, the axes of which are 
directed along p; and pg. These cones are absolutely identical. 

As an example, let us consider the photon emission cross section in one 
of these cones: 


(2.152) 


4e2 «2-— 46 (k?) 
d rems — a 
Porome = CORE CE OBE (ne 


or, using the relationship 
d*k 6(k?) _ kodko 
(2r)3 Ss (2r)32 


2nd cos §@, 
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2e? dko 6g? a dk 7) 2d? 
Be in 0 reg Oe 
Bnd ky RM ge OT, E+ ORE 


In the case of large-angle electron scattering, 0, ~ 1, integrating over the 
photon energies and photon angles in the cone 0) < 6; < 4s, we get the 
total bremsstrahlung cross section in the form 


oe = do;—= 


Komen 62 |pi| p? 
d d — In ln ~adaoy = In ie 
~iarmetage Omin & ko min m2’ C ae 


since kg max ~ |Pi|, 99 = m?/2p? . 

Hence, the total cross section of photon bremsstrahlung accompanying 
large-angle electron scattering grows with the energy of the projectile as 
the logarithm squared. This invalidates our single-photon approximation 
at large energies as well. 
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Consider the following situation. Let a light particle hit a heavy one (for 
example, a nucleus or a proton). In the course of the scattering process, 
various particles (systems of particles) may be created (for example, in 
the previous section we considered emission of a photon): 


(anything) 
PA Pi a Pi 


I 

| 

qinz ma 1 
i 


p p P Dp 
Pig. 2:2 


The amplitude for Coulomb scattering of a particle contains the factor 
1/q* (q? = (p—p’)”), i.e. the main contribution to the cross section comes 
from small q?. Can we not derive some general conclusions about such 
arbitrary processes if the energy of the incoming particle is large, and the 
momentum transfer gq” is small? 

Suppose that 


8 
wl ey and sae S, 
m2 m 


For small g?, the photon is almost real. Then the scattering can be 
considered as a two-stage process: first the nucleus emits a photon, then 
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a particle is scattered by this photon, and arbitrary particles are emitted, 
es 


+ 


Fig. 2.3 


Let us consider the whole process in the rest frame of the electron 
(p, = (m,0)). In this reference frame the nucleus with a high velocity 


hits the electron. 
( ; m 


M 


The Coulomb field of a fast particle is compressed in the direction of 
motion. We will show that this field can be represented by an ensemble of 
almost real photons. In this case the cross section for the whole process 
in Fig. 2.2 may be written as 


dow = doo(q)n(q) d°q, (2.154) 7 


where n(q)d°q is the number of photons emitted by the nucleus in the mo- 
mentum interval d°q, and doc is the cross section of the photon-electron 
scattering in Fig. 2.3. The density n(q) represents the probability of find- 
ing a photon with momentum q in the Coulomb field of the fast particle 
and can be calculated from the expansion of the electric and magnetic 
fields of the nucleus in plane waves in the rest frame of the electron, as 
was done by Weizsacker and Williams [2]. 

We will calculate this density in a different way. The amplitude for the 
real photon (q? = 0) scattering off an electron in Fig. 2.3 is 


Fo = Mi (qa, pi,-2-)eny (2.155) 


where q? = 0, since the photon is real. On the other hand the electron-— 
proton scattering amplitude in Fig. 2.2 can be written as 


Ze 
Fw = ae + P')yMy(q,P1,.--)- (2.156) 


Let us find the connection between these amplitudes. If one could assume 
that in (2.156) q? equals zero everywhere except the pole factor, the fac- 
tors M,, in these two expressions would coincide. This is a reasonable 
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assumption, since |q?|/m? < 1 and so q? is small compared to all other 
momenta entering M,,. Due to current conservation we have 

q,.M, =0, eran — 0. (2.157) 
Let us choose the z-axis in the rest frame of the electron along the direc- 


tion of the proton momentum: 


D9; 2,0, 0), (2.158) 
and 
P— C=), p=p =m. 
Then, 
(p—g)*=p?=M7 => ~2pg+q?=0 
or, due to (2.158), 


2, 


2M ; 
+q° = 0. 2159 
Po + Pz ane ( ) 


The proton momentum is large, pp ~ pz >> M, and we derive from (2.159) 


2 2 
Liven a (2.160) 


—2(pogo — pz9z) + q? = —2pz(q0 — gz) — 


This difference is very small, |go — qz| « po 1 while the photon momentum 
components may be rather large, go.qz >> m (up to qo, gz & po). 

Let us call q, the component of the photon momentum in the plane 
perpendicular to the z-axis. Then we have (gq, = |q.|) 


G=%-G¢-d ~ 2q0(G0—-42)-W1; (2.161) 


which shows that qg? ~ —q?. This means that the virtual photon is 
relativistic: go ~ gz > mM > qi ~ V—-@?. 
Now consider the factor 


(p+p')uM,(9,P1,---) = (27- @) pM, 
in (2.156). Due to current conservation, the right-hand side equals 
2p,.My ~ 2po(Mo — Mz). 
At the same time, 
Qu My = goMo — azMz — a1 -Mi ~ g0(Mo — Mz) -qi-M. =0, 
or 


_ 41° Mi 


Mo — M, 
iy) 
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For the amplitude in (2.156) we thus obtain 
2 
(p+ P')pMy = = ai: M.. . (2.162) 


Hence, the amplitude for electron—proton scattering depends only on the 
transverse projection of the virtual photon-proton amplitude. Physically 
this means that what makes our virtual exchange photons quasi-real is 
not only small q? but also that their polarizations are practically the same 
as for the real photons. 

Now consider scattering amplitude e,,M,, in (2.155) for the real photon. 
In the radiation (Coulomb) gauge 


e-q=0 and e9=0. (2.163) 
This gives 

euM, = —e,M, a e; = M,. 
However, 

€zqz +e, -qi = 0, 
and due to the smallness of the ratio gq; /q, < 1, the longitudinal compo- 
nent e, of the polarization vector is also small: 
€1°qi 
qz 


e, = — (Bll 
This means that in our kinematics the real photon polarization vectors 
are transverse not only with respect to the photon momentum, but they 
are practically orthogonal to the momentum of the fast particle as well. 
Hence, the scattering amplitude in (2.155) depends only on e,, and we 
have 

enM, ~ —e,-M\. . (2.164) 


Thus, physics is completely determined by the transverse part M of the 
photon scattering amplitude both for the virtual photon in (2.162) and 
for the real photon in (2.155). Note that q, < m, and the amplitude M, 
does not depend on the direction of q,. Calculating the cross section we 
are going to average over two transverse polarizations e, (e7 = 1) for the 
real photons, and integrate over all transverse directions for the virtual 
ones. Bearing this in mind, we can simply use the normalized vectors 


qi/,/q? as the polarization vectors in (2.155), and the amplitude (2.156) 
may be written as 


2p0 2 
(p+P')y.M, = 7 (e, -M,) = ae gin eG; 
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and 


The cross section dow for electron-proton scattering in this approxima- 
tion has the form 


Ze 2 2p0 > ik dp’ 9 
dow = (2) ol eae (aqy3 ot — M?) x 4mqo 


q' qo 
: 1 IR mane 4164 (k? — m2)... d*knds(k2 — m2) a 
4mqo (are ( 66) 


x (2n)46 (p1 +p — D> ki — p04) Fon 5(py pm) 


Taking into account p — p’ = q, we have 


6 (pi +p— > ki —p'- nh) =6(rt+a- oe —2%)- 


Observing that the expression in the square brackets in (2.166) is nothing 
but the cross section doc of the electron—photon interaction in Fig. 2.3 
we arrive at 


Ze” (2po qo 
a= (ya 1 aa 


d*q= bh OM 


ace 2pq + 9”), 


Integration over qo is trivial due to the 6-function (which gives 2pp in the 
denominator), and we obtain 


dow = n(q) doc dq,d"q_, (2.167) 
where 
Tee 2q2 _ Z*a qe 
(2m)3 qoq# —-? qog# 
is the momentum-space density of photons emitted by the proton. Let us 
write the cross section (2.167) (using qo ~ qz) as 


(2.168) 


n(q) = 


Z? a dqo Gea 
TT” ommmeaty= 


dow = doc— (2.169) 
We started the discussion of electron -proton scattering with the idea that 
the region of small photon virtualities |q?| < m? (small momentum trans- 
fer gq, < m) gives a large contribution to the cross section. Let us check 
if this is what we have obtained. 
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Combining (2.160) and (2.161) we see that 
22 
2 2) 2 , M*q 
=q? (1 see ae 
s ( ro) eee 


Then q* ~ q+ in a wide interval of momenta 


2472 

qo qgM 2 2 
<= <1, 0 -<g<m 

po  M Db 


and the integral over g, in (2.169) is logarithmically enhanced: 


2 De? 
dow = dog ——=® In La. (2.170) 


We still have freedom to transfer different energies. Integrating our log- 
arithmic distribution (2.170) over go over a wide interval of energies 
m < qo < pom/M, we obtaint 


dow = doo! In? os Qa) 
The double-logarithmic enhancement factor makes this cross section large 
at large energies. The enhancement is due to a large number of quasi- 
real photons surrounding a fast proton, and the large density of these 
photons compensates for possible smallness of the cross section per pho- 
ton. Hence, scattering of a fast particle with small momentum transfer 
(the Weizsicker-Williams-type process) can serve as an intense source for 
production of different particles at large energies. 
The very first experimental lower limit for the mass of the W-boson 
was derived long ago just from a WW-type process. The weak interaction 
looks as follows: 


How can the W-boson be detected? The neutrino practically does not 
interact. However, due to the electromagnetic interaction of the muon 


' Here the cross section of the Compton-type process has a finite high-energy limit 
doc(s) — const for s = (p’ + g)? ~ 2mqo >> m?, see Section 2.6.2. 
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with the nucleus 


wt 


Ze 


the cross section for scattering on the Coulomb field of the nucleus is 
large. From this process the bound mw > 5 GeV has been obtained. 


3 


General properties of the scattering 
amplitude 


\ 
N 


3.1 Symmetries in quantum electrodynamics 


Quantum electrodynamics is relativistically invariant, it was constructed 
this way. In addition, QED is invariant with respect to some discrete 
transformations which cannot be reduced to the Lorentz transformations 
proper. They are 


P — inversion of the space coordinates: x’ = —x, 
T — the time reversal: t’ = —t, and 


C — charge conjugation, i.e. replacing all particles by antiparticles. 
(Existence of antiparticles does not imply that they interact in the 
same way as particles. We know that free particles and antiparticles 
are indistinguishable, but the similarity may end there.) 


We shall show that QED is invariant under each of these three symmetry 
operations. 


3.1.1 P-conservation 


Under reflection of space coordinates, momentum p,, of the electron trans- 
forms as 


P 
(po, P) — (pp, P’) = (po, -P); 
since p is an ordinary three-dimensional vector, while the energy po does 
not change, because it depends only on velocity squared v?. 
The electron is described not only by its momentum but also by its 


spin ¢,; Puy = 0, ¢? = —1. For the electron at rest Cu has only spatial 
components, 


Cu = (0,¢). 


144 
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For the electron moving with velocity v the spin four-vector becomes 


G = (v : ¢) 
<—— (3.1) 
C= ‘| 


ea C ete 


How does the electron spin transform under the P-inversion? Due to 
similarity between spin and the classical angular momentum, J = [r x pl, 
we conclude that ¢ is a pseudovector, that is, it does not change sign 
under the spatial inversion. From (3.1) it is then clear that Co changes 
sign together with velocity. So we have 


ie 
po? P, = (00, Pp), 


ye 
Cumem (ap = (—Co, ¢). 
Now we can compare the amplitudes of one and the same process before 


and after the spatial inversion (that is, the process in two coordinate 
systems with opposite senses). Consider the scattéring process 


(3.2) 


€1,P1 £3, D3 
(3-3) 
£2, p2 _ €4, D4 
which after inversion of the spatial coordinates turns into 
€1, 0h | £3, P 
(3.4) 
£5, Po £4, Ds 


where the dashed momentum and spin variables in (3.4) are connected 
with those in (3.3) according to (3.2). Symmetry with respect to space 
reflection would mean equality of these amplitudes. 
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Let us check if this is the case. The two amplitudes differ only in the 
spinor factors. The upper line in (3.2) contains the factor 


u(ps, C3) Yuulpr, Gy), 
while the respective factor in (3.4) is 
U(p3, C3)YU(Pr, 41) - 


‘\ 
How do these factors differ? The spinors u(p,¢) are determined by the 
equations (2.29): 
(p — m)u(p,¢) = 0, 


‘ (3.5) 
(756 — 1)u(p,¢) = 0. 
Similarly, for u(p’, ¢’) we have 


(75¢’ — 1)u(p', ¢’) =0. 


To relate the two spinors we observe that the first equations in (3.5) and 
(3.6) differ in the sign of p--y terms, while the second equations differ in 
the sign of 75Co. 

Multiplying (3.6) by yo from the left and recalling that yo anticommutes 
both with -y and ys, we see that the spinor you(p’.¢’) satisfies the same 
equations (3.5) as‘the spinor u(p,¢). This means that the two spinors 
coincide (modulo an irrelevant phase factor |n| = 1): 


u(p’,¢’) = you(p, ¢) - (3.7) 
Similarly, for the Dirac conjugate spinors one obtains 
u(p’,¢’) = u(p,¢)r0- (3.8) 


Thus, the vertex function in (3.4) takes the form 


Ti, = U(p3, 63) ywu(pi,¢1) = U(ps,¢3) Yoo u(pi,d1), (3.9) 


i=, =e (3.10) 


We see that under spatial inversion the electron—photon vertex changes. 
However, our scattering diagram includes two vertices, and the ampli- 
tude describing the scattering process remains unchanged. (The same is 
true for any diagram with virtual photons which, obviously, has an even 
number of vertices.) 
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In the diagrams that include photon(s) in the initial/final state, the 
corresponding interaction vertex is always multiplied by the polarization 
vector en of a real photon. In this case 

x A 
Rie, = Tyen, 


since eh is an ordinary vector and its space components also change sign 


under space inversion: 


/ 
eg = (ens ae), 


Py 
We conclude that electrodynamics as a whole is P-invariant, because it is 
constructed on the basis of the vector vertex 


It is easy to construct an interaction vertex that violates P-parity. Con- 
sider, for example, V—A interaction, described by the vertex 


r= @y(l-s)u. | . (3.11) 


Repeating the same steps as for the vector vertex above we would obtain 
the V—A vertex in the reflected reference frame (compare with (3.9)), 


I’ = ty Yu(1 — 75) You = & YoYo (1 + 45) u, (3.12) 


Due to the opposite relative sign between the entries in the bracket (1+75) 
this spatially reflected vertex is essentially different from (3.11). This 
means that the V—A interaction does not conserve parity, and in this 
case one can experimentally distinguish left from right (the right- and 
left-handed reference frames). This is possible (and not so strange) if a 
particle lacks the left-right symmetry itself, i.e. has an inherent chirality 
(like a screw). 

This is exactly what happens in real weak interaction with the basic 
vertex (3.11). 


3.1.2 T-invariance 
A classical scattering process 


V1 V3 


( 


—+ Vi; V2 > V3, V4 


v2 V4 
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after time inversion t — t’ = —t turns into the process 


om vill —N3 


~ =¥3, “Va > — V1) ee 
t 


—_— 


a /"9) amavis 


Invariance with respect to time inversion implies equality of the ampli- 
tudes of the initial and time-inverted processes. 
Again, let us consider electron scattering: 


Pi p33 Dp 
ve (3.13) 
p2 pa Dy Po 


Obviously, after time inversion p’ = (pg, —p). To determine what happens 
with spin variables, we again use the similarity between spin and the 
classical angular momentum J = [rxp]. Under time inversion the classical 
angular moment changes sign together with momentum, and so should the 
quantum spin vector ¢. We have, therefore, 


P 
Pu - = Re = (po, —p); 


(3:14) 
Cu => Gh, = (Goa) 
Do the amplitudes (3.13) coincide? 
Let us compare the upper vertices in the two diagrams: 
Dy — U(p3, C3) Yu(pr, (1) ’ (3.15) 
and 
Ty, = GP, Cr) yulng, 6) = 4! (93,63) @" (4, C1), (3.16) 


where we write the latter vertex in terms of transposed quantities to 
change the order of spinors. We have to connect wu! (p§, ¢4) with a(p3. (3), 
and u(p1,¢1) with u' (p), ¢}). Clearly, such a relation will contain complex 
conjugation. 

From the equations 


(p' — m)u(p’, ¢') = 0, 
(5¢' — 1)u(p’, ¢’) =0, 
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we obtain the equations for the transposed spinors: 


u'(p',¢’)(p' —m) =0, 


- (3.17) 
wu! (p',C’)(C Tyg — 1) =0. 
Ordinary equations for the Dirac conjugated spinors are 
u(p.¢)(p — m) = 0 
A (3.18) 
u(p,¢) (56 — 1) = 0. 
The first equations of (3.17) and (3.18) contain 
Povo +P-7' = poro — pin + Po72 — P37a (3.19) 
and 
Poyo —P*Y = Poy — Piyi — P22 — P373 5 (3.20) 
respectively. In (3.19) we have used 7) = —y1, y3 = —73, while the 


matrix yo is invariant under transposition, art = 72 (together with vo = 
Yo). 

In the case of P-parity considered above, we maneged to ‘equalize’ the 
equations (3.5) and (3.6) by multiplying the spinor u(p’, ¢’) by yo. Now, 
to obtain a relationship between u(p,¢) and u!(p’,¢’), we need somehow 
to change the sign of +2 in (3.19). This can be achieved by multiplying 
this equation from the right by the matrix iyo7173. (We have inserted 
2 here to ensure that nothing changes after the double time reflection: 
(i073)? = 1.) 

Indeed, after multiplication by 77971773 (3.19) turns into (3.20): 


(poo — P1771 + P22 — P3Y3)07173 = Yo(PoyYo + P1711 — P22 + P3'73)1173 
= yo71(—Povo +P1V1 +P2¥2 — 373) 3 = 0173 (Poo — P1711 — P22 — P33) 


It is straightforward to verify that the same operation ‘equalizes’ also the 
equations for spin vectors ~ the second lines in (3.17) and (3.18). 
Thus, u! i7071773 satisfies (3.18), and we can identify the two spinors: 


u!(p',¢') 0173 = U(p,¢)- 
After simple algebra we arrive at 


ul (p',¢’) = —iulp,0) 310%; 


(3.21) 
a’ (p',¢) =t70173 u(p, ¢). 


Inserting (3.21) into the vertex (3.16), we obtain 


1,(p’,¢’) = U(p, 6) 7371 0% 107173 U(P, C) 5 (3.22) 
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which results in 
re be, f= i; - (3.23) 

We see that the time inversion changes the electron photon vertex the 
same way the space retleetion does. Our seattering diagram, hewever, 
includes two vertices. and the amplitude deseribing the seattering preeess 
coincides with the amplitude for the timeinverted one. (Which is true 
for any diagram with virtual photons only.) 

In processes involving real photons, an external vertex is always multi- 
plied by a polarization vector ec. Spatial components of the latter change 
sign under time reversal*, so that 


Ped = Tyep. (3.24) 


Hence, electrodynamics is T-invariant. 


3.1.3 C-invariance 


Is quantum electrodynamics invariant under replacement of particles by 
antiparticles? To answer this question we need to compare the prodesses 
for particles with those for antiparticles with the same momenta but with 
opposite polarizations. (The polarizatiens sheuld be opposite since we 
have already found in Section 2.1 that the transition from particle te 
antiparticle implies ¢’ = —C.) 

Let us compare the scattering amplitudes 


1, Pi ___§3. B3 Py Su 
er \ en” \ 
h and , 
e- \ eC \ = 
€2, Pa €4.Pa SP ay 


The interaction vertex of the positron seattering amplitude in terms of 
spinors v has the form 
©(pr)Yuv(ps), (3.25) 
where v(p) satisfies : 
(p—m)v(p) = 0. 
(—rs¢ — 1) (0) 


0. 


* Notive that this transformation law respects the canditien Gelk) -= (elk) = 0 
which we impesed on physical phetor pelariwation vecters. In essemee, @ is a Vectar 
potential A which trausterms under time iwersien like velvety v of the charge it is 
created by. 
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Using the relations between » and u spinors following from (2.48 i 


v" (ps) = —iu(ps)C, 


(1) = Culp), = 


we derive 


P= lpr yyelps) =v (p3)% (py) = ~ulps) Cy, Co ulp1) =D, 
(3.27) 
since 
CyiC1 =-y,. 


By reflecting one vertex we turn to the e7e” (u-channel) scattering am- 
plitude. In this case. as we have learned in the previous chapter, the 
annihilation amplitude enters with a plus sign, while the Coulomb scat- 
tering arnplitude acquires a minus sign which reflects Fermi statistics of 
thee @° pair in the s-channel. Thus. although the vertex itself is invari- 
ant under charge conjugation. the amplitude is C’-odd. It is possible to 
attach this minus sign to the vertex, so that 

rT, > -T,. (3.28) 
‘This is natural from the point of view of the non-relativistic quantum 
mechanical analogy, where the photon emission armplitude 1s proportional 
to the electric charge of a particle, « for an electron, (—e) for a positron. 
{It is worthwhile to notice that such a convention reproduces itself in more 
complicated processes with more than one photon attached to the positron 
line. Indeed. in adding a photon we add one vertex and one positron 
propagator to the diagram. According to (3.27), the vertex [.-_,+y, 
written in terms of the v spinors. is identical to [,._.- . The additional 
minus sign to be ascribed to it then cores from the positron propagator 
(2.59). so that the prescription (3.2%) rernains valid.) 

Like in the case of other discrete transformations, the fundamental 
yertex changes after charge conjugation, but our scattering amplitude 
A.-e- — Ac+e+ does not. 

As usual. we have to consider separately the case of an odd number of 
vertices. that is. the case of externa) real photons. Since the arnplitude 
(ffecrively. the vertex) changes sign. (3.25). the theory will be C-invariant 
if the polarization vector changes sign too: 


er & el, = —Ep- (3.29) 


Discussing P- and T-symmetries, we used a classical analogy between 
spin and angular mornentum to find out how e, transforms under these 
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operations. Charge conjugation is a new symmetry that does not have 
a classical analog. Therefore we simply postulate the transformation law 
(3.29). 

This condition can easily be satisfied, since generally speaking the wave 
function of a neutral particle transforms into itself under charge conjuga- 
tion only up to a phase factor, which we can always choose at will. 

Charge conjugation invariance and negative charge parity of the photon 
(3.29) impose strong restrictions on electromagnetic processes. For exam- 
ple, the transition of two photons into three is forbidden since the initial 
two-photon state has positive charge parity, while the wave function of 
the final state changes sign under charge conjugation. 


We have obtained the following transformation laws for the wave func- 
tions under discrete transformations: 


ie u(p’, ¢’) = you(p, GG), P 
T: u'(p',¢') =—ia(p,0) 3170, (3.30) 
C: v'(p',¢’) =—iu(p,¢) 20- 
Quantum electrodynamics is invariant under each of these three transfor- 
mations. 
We have discussed above the weak interaction V—A vertex as an ex- 


ample of a parity violating interaction. Let us consider now how this 
interaction behaves under time reversal: 


Yu(1— 5) = Yon ralru(1 — 75)1' y37170 - 


Since Vs = 5 and anticommutes with all y,, it is easy to see that 


ron ralyu(l — 95) "yan70 = 01173Y pn 37170 (1 — 95) 5 


which means that weak interaction is T-invariant, in the same way as in 
QED. 

At the same time, an interaction of the form, say, u(1 + y5)u would 
violate T-parity: 


T 
(1+) => yrs (1+75)' 170 = (1-45) # (1+ 5)" 
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Let us return to weak interaction. Under charge conjugation the vertex 
transforms as 


Od — 95)" C = Cy (14+ 95)C=—y(l+75)- (31) 


We see that weak interaction violates charge conjugation invariance C, as 
well as P-parity. It respects, however, the so-called combined inversion, 
CP, since each of the two transformations changes the relative sign of 5 


in (3.12) and (3.31): 
P C 
Yul — 95) => y(1 +5) => Yy(1— 78). 


C’P-invariance of weak interaction means that although it is P-odd we still 
cannot distinguish left and right, because we just do not know whether 
we deal with a particle or an antiparticle. We only know that if what we 
call a particle is left-handed, its antiparticle will be right-handed. 


3.2 The CPT theorem 


What will happen if we carry out, one after the other, all three discrete 
transformations? The momenta and spins stay intact: 
12 di C 
P = (po, P) — (po,—P) — (Po, P) —> (Po, P), 
P a C 
Care) — (=Gn) (a) — (a): 


The spinors under discrete symmetry operations transform according to 
(3.30), which relations are equivalent to 


(3.32) 


u(p.6) > ulp', -¢’) = yo ulp,¢), 
u(p,¢) > u(p', ¢’) = -in7su"(p, ¢), (3.33) 
u(p,¢) & v(p.-¢) = i72u"(p, 6) 
(where a’ = (ao, —a)). 
Carrying out the chain of three transformations, we arrive at 
u(p, ¢) — u(p’, -¢’) = 0 ulp, 6) 
T, u(p, —6) = —i178 (10 4"(p, 6) (3.34) 
CT? v(p, C) = i72 (1730 U) = 1172730 U = 175 U(p, ¢). 


Thus, we have obtained 


u(p,¢) = v(p,0) = irs u(p, 6). (8.35) 
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Diagrammatically the discrete transformations look as follows: 


pr, &1 3,63 Di,€1 3,63 ps, —§3 pi,—-81 —ps,—63 —Pi,—61 
12 T C 
— ' — — 

pa, €2 pa,f4 2,2 \ Pas €a pa,—4 Pa, -€2 Pa, Sa 2, Sa 


We see that after the CPT transformation all momenta and polarizations 
in the spinors u(p, C) change signs. Since the particle spinor u(—p, —C) de- 
scribes the antiparticle with momentum p and spin vector ¢, we conclude 
that the CPT invariance means that the amplitudes of the process 


21,613 P2, Co "Ds, C3; 4, G4 


for particles and antiparticles coincide. 

Quantum electrodynamics is obviously CPT invariant, since it is invari- 
ant under each of the discrete transformations. CPT invariance of quan- 
tum electrodynamics may also be be verified directly using the spinor 
transformation laws obtained above. Indeed, using the relation (3.35), 
and its conjugate 


v(p,¢) = —iulp,¢) ys, 


we obtain 


ily = 0(p1) Yuu (p3) = @(p1)y5%u5u(ps) = —t(p1)ypu(ps). 
On the other hand, 


P T Cc 
€y = (€0,e) — (e9, —e) —> (€0,e) —> —ey, 


and hence 
(| 
Dien = Puen. 


It is worthwhile to notice that, whatever the structure of the interaction 
vertex, 


Pio, ie Yo: Ver YWwY5s Wu «++, 


the law (3.35) guarantees CPT invariance of the interaction. 

Is it possible to invent a CPT violating interaction which is, at the same 
time, relativistically invariant? Obviously not, because the signs of the 
four-momenta and the polarizations may be changed by a complex Lorentz 
transformation. In other words, CPT transformation is an element of the 
Lorentz group if the amplitudes are analytic. 
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We can thus state that CPT invariance is a fundamental result of our 
theory, namely, of relativistic invariance and of causality. On the other 
hand, violation of the invariance under P, T, C, CP, PT, TC does not 
contradict any fundamental property of the theory, it is just connected 
with concrete properties of the interacting particles. In fact, none of these 
symmetries is ever strictly valid. The CPT theorem can be understood in 
the following way. Particles and antiparticles have built-in screws, clocks 
and charges. If we associate a definite (right or left) screw, arrow of time 
and charge with a particle, its antiparticle will have the opposite screw, 
the opposite arrow of time and the opposite charge. However, all these 
properties are relative and there is no absolute way to say which object 
should be called a particle and which an antiparticle. Likewise, there is 
no way for us to figure out if we are living in World or anti-World. 


3.2.1 PT-invariant amplitudes 


Let us discuss a useful relation which holds for PT-invariant interactions. 
PT-transformation does not change the momenta 


PH 
(po, P) — (po, Pp), , 


while the spins change signs: 


(G,¢) —5 (—G,-¢). 


PT-conservation means equality of the amplitudes 


A(p1, 1, po: C23 p3, 63, Pa, G4) = a ET 


In terms of the S-matrix elements this means 
Sap = Siz; (3.37) 


where ~ denotes spin flip. 

Instead of the spin variables ¢),¢2,...,¢n we can describe matrix el- 
ements by another set of quantum numbers, namely, by the moduli of 
the relative angular momenta, J?,, and the total angular momentum, 
M?,M,. Then the matrix elements are independent of M,, the projec- 
tion of the total angular momentum, since physics cannot depend on an 
arbitrary choice of the z-axis. Therefore, in such a basis the PT-invariant 
S-matrix is symmetric: 

abe none: (3.38) 
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3.3 Causality and unitarity 


It is usually assumed that the amplitudes of real processes must satisfy 
the conditions of unitarity and causality. Let us consider in detail what 
these conditions mean, and what restrictions on the amplitudes they lead 
to. : 


3.8.1 Causality 
Consider the Compton scattering process 


k k’ 
ty xf 


Yi 2. 
i Dp 


U 


neglecting the spins for the sake of simplicity. 

From the point of view of causality we are interested in the dependence 
on the positions of the points 71, x2, and we write the amplitude in the 
form 


Pi [ eit'e2 8 fy (1, 2)dt aida, (3.39) 


where 
fp! (@1; £2) =: | eae x9: 1, y2)d*y1d*y2. (3.40) 


Due to translational invariance (i.e. the homogeneity of space-time) the 
amplitude f(x1,22; y1,y2) depends only on the differences between the 
coordinates. Therefore, under the replacement 


a=a,ta, yw=yta (3.41) 
the function fp, in (3.40) transforms as follows: 
op! Gare £2) = ellP'—P)a fy (x1, £5), (3.42) 
and can be written as 
ae) t)+29 ~ 
foot (@1, 22) = PP) fae (@e = 2). (3.43) 


Then, introducing the variables x2, = x2 —- x1 and $ (a1 +22), we obtain 
for the amplitude F’ in (3.39) 


a i(k! —k) T1422 4 i(k! 44) ZS22 itp! — py Avi AealS 
F= fe 2 ) 2 x ell? P) 2 fp! (x1) d — 
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Integration over the sum (zr + x2)/2 gives 
F = (2n)"6(p + k —p! — k’) f(k, Rp,p'), 
where 
-(k+k! = 
f(k, k’sp,p') = / fon F (am) daa. (3.44) 


Conservation of the energy-momentum is as usual a result of the transla- 
tional invariance. The 6-function in the amplitude arises due to space-time 
homogeneity. 

What is causality in terms of the scattering amplitude in (3.44)? It 
tells us that the regions of integration 


r290 < X10 and ro <1) 


should not contribute to the amplitude. Physically this means that if 
a beam of particles scatters on a target, secondary particles cannot be 
emitted before the projectile hits the target. Hence, fpp'(r21) should have 
the form 


fop’ (21) = O(x20 — £10)0(23; (x21) + y'(ea1); (3.45) 


where the contribution to the amplitude (3.44) of the function y’(x21) 
vanishes after integration over £2}. Such an additional term is allowed. 
(The fact that (3.44) looks like the Fourier transform, does not necessarily 
imply y’(x12) = 0. Indeed, we are considering on-mass-shell particles, 
ko) = Vk?, i= Vk’2, so that the momentum k + k’ has only three 
independent components rather than four.) 

Let us assume that the function fp,/(212) has the form (3.45), i.e. causal- 
ity is in place. We specialize to the case of forward scattering when k ~ k’, 
p ~ p', and choose k to be collinear to the z-axis. Then from (3.44) we 
have 


Fk hsp.) = f dtreibor— f(a) = f dtretB-* fa) = f(bo) 
2 (3.46) 
The representation of the function fp»(x) in the form (3.45) means that 
contribution to the integral in (3.46) comes from the region 


co>0;, a—2*>a*+y’>0 => Lo—z>0. 


How does the latter inequality affect the properties of the amplitude f (ko) 
as a function of energy? We wrote our amplitude for real (positive) values 
of ko. However, once the integral is well defined (converges) on the real 
axis, it will converge even better in the upper half-plane Im ko > 0 of the 
complex variable kp, due to x9 — z > 0. In other words, causality leads 
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to analyticity of the amplitude in the upper half-plane. (This conclusion 
may be reversed: if the amplitude is analytic, it can be expressed in the 
form (3.46).) 

Causality is the real reason why all the amplitudes we deal with in a 
field theory are analytic in momenta: they are either given by explicitly 
analytic formulae, or expressed in terms of series that have to have definite 
analytic properties. 

Thus, if f(ko) has a singularity in the upper half-plane, it cannot be 
causal. How about the behaviour at large ko, |ko| —> 00? 

In this limit, the dominant contribution to the integral (3.46) comes 
from the region rp — z ~ 0. If f(x) is singular at zero, f(ko) can increase 
with the growth of ko. If, for example, 


f(z) ~ 6(ao — 2); 


then 
f (ko) — const. 


If f(x) is even more singular, 


f(z) ~ 6'(zo — 2), 


then 
f (ko) as ko, 
etc. This means that if f(x) has the form 
N 
f(z)= s C,,6™ (xo — 2), (3.47) 
then 
f(ko) = : Clkr = OU, ):. (3.48) 


Thus, we cannot ban a polynomial increase of f(ko) at infinity. Why 
not faster? Such a function, corresponding to an essential singularity at 
infinity, contains an infinite number of derivatives of the 6-function in 
(3.47). In this case we would not be able to guarantee that its x-space 
image is causal, that is, f(z) = 0 for zo < z. For example, the infinite 
series 


f(z) = se a" 5") (xg ~ z) = O(ag -—z + a) (a > 0) 
n=0 


sum up into the obviously non-causal function, 


f(z) =1 for z@<z ° (4 >z- a). 
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We consider below only polynomially bounded functions 
f(ko) < kN if ky > 00. (3.49) 


This corresponds to no more than a finite number of 6()-functions in 
(3.47) and guarantees causality. We call polynomially bounded, regular 
in the upper half-plane functions f(ko) causal. From a formal point of 
view we did not prove that we must impose the polynomial restriction 
(3.49) on the growth rate to ensure causality, but such a claim seems to 
be relatively well founded. 


Indeed, how would we verify causality experimentally? The incoming 
particles (photons in our case) are described by the wave function 


W(x) = /) e~ *ko(t0—2) C( kg) dko. (3.50) 


If at zo = O we place the front of the wave packet at z = a, then the 
function C(ko) should be such that 


e 


W(z)=0 for z—-x>a, (3.51) 


i.e. the photons cannot reach the observation point z faster than with the 
speed of light. The condition (3.51) is valid if C(ko) has no singularities in 
the upper half-plane and behaves as e~“*°* on the large circle. (In this case 
the contour can be closed in the upper half-plane provided xg — z+a < 0, 
resulting in V(x) = 0.) 


The photons scattered forward are described by the wave function 
W(x) = / e-tkol@o-2) £(ko)O(ko) dko. (3.52) 


Causality means that after the scattering W’(x) also should vanish for 
z—20 >a. This is obviously true for a causal f(ko). If, however, f(ko) 
were growing exponentially, for example f(ko) ~ e toe, (¢ > 0) on the 
large circle, then ’(r) would vanish only for z — zo > a +c but not for 
ho I) ate 

Polynomial restriction is not a matter of definition but a necessity: to 
verify causality we need to be able to close the contour in the upper half 
of the complex ko-plane when Zp < z — 4. 
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3.3.2 Analytic properties of the Born amplitudes 


Are our amplitudes analytic? The diagrams describing Compton scatter- 
ing in the Born approximation are 


k Ke k isd 


. (3.53) 


p _ P P P 
e? e? 


ms mau 

In the rest frame of the electron we have 

s=(p+k)? =m? +? +2mkp, 

u = (p — k’)? = m? + 2 — 2mkh = m? + 7 — 2mko, 


where we have introduced a small mass 4 for the photons and used that 
for forward scattering kj = kop. The amplitude has two poles, 


2 


m? — 5 = —\* — 2mkp = 0 > 


m? —u = —\* + 2mky = 0 2 


However, the physical amplitude is defined on the real axis where kp > A 
(the bold line in Fig. 3.1) while the poles are located at the points where 
|ko| < A, outside the physical region. 


Fig. 3.1 


Thus the Born amplitude possesses the correct analytical properties (has 
no singularities in the upper half-plane, and decreases at |ko| — oo) and 
therefore respects causality. 
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How could this happen? Does it not contradict the fact that, as we 
know, the Green function G(xr2 — 1) that enters the coordinate space ex- 
pression for the amplitude does not vanish for the ‘wrong’ time sequence, 
£20 < X19 (and, therefore, outside the light-cone, (22 — 21)? < 0)? 

The second (‘crossed’, or ‘u-channel’) diagram does not pose a problem: 
whatever the sign of the time difference zo9 — x19, one of the incoming 
particles (either the electron p or the incident photon k) participates in 
the earliest interaction, so that both regions are perfectly causal. 

In the first (‘s-channel’) diagram, however, the region ro9 — 219 < 0 is 
anti-causal: in this case the final particles are created before the initial 
ones entered an interaction. 

Let us calculate this amplitude explicitly, starting from the coordinate 
representation, to see what has happened. 


G(z2—21) 
a 2: A 


(3.55) 
ws [dndtze ellk+7!)za-ik +P) 21. G29 — 24) 
= (2n)*6(p +k —p’ — k’) [ tos elk +P)#21 G(xr01), 
where z 
G(z21) = ae ae gle (3.56) 


The integral over x2; in (3.55) selects a definite Fourier component with 
q=k-+>p7 of the Green function (3.56): 


il 

Fx [ dtg5(k +p —4) a are ae aT Ry ao 

Since go = po + ko > 0, the left pole gg = —\/m*+q? of the function 
1/(m? — q?) effectively does not contribute to the amplitude. Since the 
denominator does not vanish, the sign of ic becomes unimportant. This 
means that we can safely move the left pole from the upper into the lower 
half-plane, which is equivalent to replacing the Feynman Green function 
(3.56) by the retarded one, Gr(x21) « 9(r20 — X10). 

The denominator of the Green function in the first diagram might van- 
ish in the physical region of momenta if the intermediate particle were 
heavier than the electron: e+ y — € (m > m+ 4). In this case the 
Feynman ie prescription would be essential and, pushing the pole at 
ko ~ (mm? — m?)/2m > X into the lower half-plane, would guarantee the 
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causal time sequence of the reaction. (In the second diagram the denom- 
inator may vanish only if the target particle is unstable, i.e. can decay 
spontaneously into two real particles.) 


Hence, in the calculation of the s-channel Compton scattering am- 
plitude, the Feynman Green function for the virtual intermediate elec- 
tron may be replaced by the retarded Green function which vanishes for 
x29 < £10. This is the reason why the Born amplitude has correct analytic 
properties. This does not mean, however, that one is allowed to intro- 
duce retarded Green functions instead of the Feynman Green functions 
everywhere, because this would lead to incorrect results for the scattering 
amplitudes, in particular in other channels. 


3.3.8 Scattering amplitude as an analytic function 


We have considered forward Compton scattering and shown that, due to 
causality, the amplitude is analytic in the upper half-plane of kp. In the 
Mandelstam plane s+t+u = 2m?+42? and s = (m+ )° is the beginning 
of the physical region of our process (s-channel). 


Recall that we have already used analyticity of the scattering am- 
plitudes in discussion of the connection between spin and statistics in 
Section 2.5 in order to perform analytic continuation into the t- and u- 
channels. The path of the analytic continuation from the s-channel into 
the u-channel, marked by the arrow on the Mandelstam plane, 


corresponds to the continuation in the kg plane shown in Fig. 3.2. 


We see that, unlike non-relativistic quantum mechanics, in the relativis- 
tic case the region of negative ko also corresponds to a physical process: 
s — wu is equivalent to kj — —ko. This is one of the main differences 
between non-relativistic and relativistic quantum theories. Analyticity 
(which is due to causality) makes it possible to continue the amplitude 
from channel to channel or in the ko plane. 
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Fig. 3.2 


In the simplest case we have considered, the Born amplitude had only 
two pole singularities and was real on the real axis. As we will show 
below from the unitarity condition, the true amplitude has to be complex 
in the physical regions of momenta shown by bold lines. The end points 
ko = +A, or s,u = (m+ A)?, are actually branch points so that the 
lines themselves are cuts of an analytic function. The physical s-channel 
amplitude is equal to the limit of this analytic function at the upper 


boundary of the right cut: 


Thus, the s-channel amplitude as defined in (3.46) is analytic in the 
upper half-plane ko, and hence it may be continued to negative ko. But 
will we obtain an amplitude of a new physical process in this way? Ap- 
parently, to perform the analytic continuation, it is sufficient to substitute 
—ko for ko. However, repeating the calculation leading to (3.46) directly 
in the u-channel, we obtain 


fu = fats etko(to—z) f(z), 


with kj > 0, the positive energy of the real incident photon. This tells us 
that by replacing ko = —k in the s-channel amplitude we would obtain 
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not the u-channel amplitude but its complex conjugate: 
fs(—ko) = fa(ko)- 


Hence, in order to obtain the physical amplitude in the u-channel, the 
real axis should to be approached from below. This is quite natural, since 
the arguments of the amplitudes differ by the sign of ko: 


ko tie — —ko — ie. 


If we approach the positive real axis from above, we should approach the 
negative real axis ko from below, and the analytic continuation path looks 
as follows: 


Repeating the causality considerations above but for the u-channel we 
would find that the physical amplitude may be analytically continued into 
the lower half-plane of ko. 

Thus we come to the conclusion that the physical amplitude in the 
u-channel is also a limit of an analytic function on the real axis. (To 
prove that the s- and u-channel amplitudes are the two limits of the 
same analytic function we need to have a gap between the cuts. We have 
introduced a fake small photon mass exactly for this reason.) 

Thus, the amplitude becomes an analytic function in the entire complex 
plane of energy (with the cuts along the physical regions on the real axis). 
The upper and lower half-planes of the photon energy ko correspond to 
the amplitudes in the s-channel and u-channel, respectively. Going from 
one half-plane to the other is equivalent to the analytic continuation of 
the amplitude between the two channels. 


3.3.4 Unitarity 


The S-matrix was introduced in Section 1.11 as an operator that describes 
transition of the system which in the remote past was in the state 


Wy 
Wo 
i . 
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into the state 
wv = sv 
in the distant future. 


Matrix elements of the S-matrix Sp. are the transition amplitudes from 


the state |a):-.. to the state |b):;-4.0. The initial and final state wave 
functions can be written as 


Y=) |a)v 


Sear 
= S— Sla) v= » |b) (b|S|a) Ua = ss |) vy, 
a ab b 
where 
V, = S“(b|S|a) v = 15a Wa (3.58) 


The last expression nicely demonstrates sites the matrix elements 5S), are 
just the transition amplitudes. 
Norm of any state does not change during the transition, and we have 


do al? = Doe. (3.59) 
a b 
This equation is valid for arbitrary initial states and immediately leads 
' to unitarity of the S-matrix: 
Sst = 1, (3.60) 
or in the matrix form, 


Se SS oo : (3.61) 
b 


For the diagonal transitions a = c the unitarity condition (3.61) means 
probability conservation: 


Y Sah. = D7 |Sas!? = 
b b 
and for the non-diagonal transitions a # c it reflects orthogonality of the 


basis states : 
> SabS po — 0 
b 


It is convenient to represent the S-matrix in the form (compare with 


(1.124), (1.133)) 
S =1+iT. - (3.62) 


In terms of the T-matrix the unitarity condition (3.60) reads 


141P 21 
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i.e. 
af [T iz T*] = TT". (3.63) 


This last equation (3.63) is also often called the unitarity condition. In 
matrix form it can be written as 


—1 | Tbe = Tj, | — y Teal ’ 
Cc 
or, since iy = Tip 
—t [Ta - fis = yi . (3.64) 
c 


The unitary condition has a more transparent form in PT-invariant the- 
ories (like quantum electrodynamics). In such a theory 


Ta = T; 


ba, ? 


where |b), |a) are the states with spins opposite to those of the states 
ib), |a). As we have discussed in Section 3.2.1, by choosing a basis in 
which the states are described by total angular momenta rather than 
spin projections, one can make the T-matrix symmetric (see (3.38)): 


Tab = Tha ’ 


and (3.64) takes the form 


: —t [Tos — Toe | = De Tie oe 


1 * 
In Typ = 5 oe Lacl Gs. (3.65) 


We see that the scattering amplitude cannot be real, so that our Born 
amplitudes, being real, cannot be correct! 

In particular, the unitarity condition for the forward scattering a = b 
has an especially simple form, 


1 
ImToq = 5 2 |Tacl*s (3.66) 
(6 
and is called in this case the optical theorem. In terms of the forward 


scattering amplitude, 
Toa OGANG S08 
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the optical theorem simply states that the imaginary part of the forward 
scattering amplitude in the state a is proportional to the total cross sec- 


tion: 
ye pag ox ae 
Cc 


We see once again that due to the unitarity condition the scattering am- 
plitudes in the physical region should be complex. 


3.3.5 Born amplitudes and unitarity 


Let us return to the Compton effect for a photon (with a small mass )) 
considered above in Section 3.3.2. The physical regions in the Mandelstam 
plane are shaded in Fig. 3.3. 


Fig. 3.3 


The poles of the amplitude lie on the dashed lines corresponding to s = 
me, w=. 

The structure of singularities in the complex ko plane (two poles of the 
Born amplitude and two cuts along the physical regions of the s- and 
u-channels) is shown in Fig. 3.1. 

We would like to figure out whether there is any relation between the 
Born amplitude and the unitarity condition. 

First of all, let us write the general unitarity condition (3.65) in a more 


explicit form. We had (see (1.133)) 


1 


1 
ie = 2 46 a r) Fa, / / 3 
p= (27) (xe d b II poi A, Don. 


(3.67) 
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where p; and pj, stand for the sets of the initial and final particle mo- 
menta (i € a and 7’ € b, respectively) and Fa, is that very Lorentz invari- 
ant amplitude for which we have been drawing and calculating Feynman 
diagrams above. 

Inserting (3.67) into (3.65) we obtain 


Im Foy = = 5 Pack ( (21)*6 (s pi- 0k; ) Tse, a ee (3.68) 


1€a jee jee 


The symbol 5>. implies an integration over the momenta ky of the real par- 
ticles in the intermediate state c, which momenta are arbitrary (modulo 
the conservation law supplied by the 6-function). Writing these integrals 
explicitly, we have 


Im Fon = = Pic a (ony Ups 


=, nr 
x F(a;ky,...kn) F* (1, ... kn; b)(20)46 (xP -»S— is) 
a i=l 


(3.69) 
where the factor 1/n! stands as a reminder of the combinatorial factor 
that one should insert to avoid multiple counting when identical particles 
are present in the intermediate state. 

Combining the integration phase space d°k/(27)° with the wave func- 
tion normalization factor (1/./2ko)?, and using d°k/2kq = d*ké,(k? — 
m?), we finally arrive at 


a cr (Reo — m5) 
ni 
x Fuels (ony'6(op- a) 


We sometimes write (3.70) in the symbolic form 


(3.70) 


imF = \\ F,F*. 


In the case of forward scattering (a = b) we observe that the right-hand 
side of (3.70) differs from the total cross section only by the flux factor 


ik i 
AE\Eoj — Aper/s 


(with p, the centre-of-mass momentum of colliding particles, see (1.139)) 
and by the factor 1/2 before the sum. This leads to the optical theorem 
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in the form 
Im F(s,0) = 2pev/s otot. (3.71) 


Let us return to the Born amplitude 


e2 


m2 — 5 —ie° 
We can easily calculate its imaginary part with the help of the well known 
relation (1.164), 


e2 


eee 
em 5c e“ 76(s — m*) (3:72) 


On the other hand, the imaginary part of any amplitude is given by (3.70) 
and can be represented graphically as 


Im F' « ee Bes... 
F gE 


The intermediate states c consist of real particles and therefore it is im- 
possible kinematically to have a single-electron intermediate state. Nev- 
ertheless, we can formally consider the contribution of such a state to the 


imaginary part. 
Fy = oo 
Fo 


This contribution is given by the expression 


t 
this can be anything 


201 d‘q 
2. # (ne? 
= 7 |Fooi|” 54((p + k)? — m?) 


54(q? —m?) |Foi|? (27)*5(p + k — @) 


and is equal to the imaginary part of the Born amplitude in (3.72). We 
see that our Born amplitude actually respects the unitarity condition in 
a certain sense, as its imaginary part is determined by the (kinematically 
forbidden) one-electron intermediate state. 

We could verify that the imaginary part of the amplitude has indeed the 
form of the unitarity condition by considering more complicated processes 
in which we can get a one-electron intermediate state contribution to the 
imaginary part without contradicting energy-momentum conservation. 
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This is possible, for example, in the transition of three particles into 
three: 


The imaginary part of this amplitude contains (among others) the graph 


Here the electron marked by the cross x may be real (in this case it is 
not banned by the conservation laws). 


3.3.6 How to restore perturbation theory on the basis of unitarity and 
analyticity, or perturbation theory without Feynman graphs 


We have just proved (see (3.73)) that in a certain sense the Born ampli- 
tudes satisfy the unitarity condition. Indeed, the imaginary part of the 
s-channel Born Compton amplitude e~y — e- — ey formally has the 
structure prescribed by the unitarity condition (3.70) even despite the fact 
that the real one-electron contribution on the right-hand side in (3.70) is 
kinematically banned. 

Will the Born amplitude still satisfy even such a loosely interpreted 
unitarity condition when we increase energy? 

The unitarity relation (3.70) is a non-linear equation, and which con- 
tributions are allowed on the right-hand side depends on energy. With 
the increase in energy the first non-vanishing contribution to the imagi- 
nary part of the Compton scattering amplitude Im F in (3.70) arises from 
two real particles (e~ +7) in the intermediate state and this contribution 
is given by the product of two Born Compton amplitudes, FF*. Since 
the Born Compton scattering amplitude is of order e*, this intermediate 
state generates a contribution of order e* to the imaginary part of the 
scattering amplitude, Im F = O(e*). Thus we may say that the Born 
amplitude is only a lowest order (e?) approximation to the true scatter- 
ing amplitude, and the higher order contributions are generated from the 
Born amplitude through the unitarity relation (3.70). 

This observation suggests the idea of a uew construction for perturba- 
tion theory, using the unitarity relation as a tool for calculating the full 
amplitude as a series in the coupling constant e?. 
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Indeed, creation of a particle in electrodynamics can go only through 
the vertex that is proportional to the electric charge e. Therefore, the 
addition of one particle to the intermediate state (either by adding a 
photon or replacing one photon by two particles ete” ) adds a factor e? to 
the right-hand side of the unitarity equation. We see that the contribution 
to the imaginary part of an n-particle intermediate state is of order e2”, 
and expansion over the number of particles in intermediate states is at the 
same time an expansion in powers of the charge. This connection between 
the number of particles in the intermediate state and power of the coupling 
constant leads to a scheme of the perturbation theory independent of, but 
equivalent to, the Feynman diagram technique. 


For example, the unitarity condition for two-photon annihilation into 
an electron—positron pair has the form 


£ 


e? e? e” e? e? 


If we want to calculate the imaginary part of this amplitude with accuracy 
up to e+, we neglect all terms of order e”,n > 6. Then it suffices to 
consider two-particle intermediate states, and these contributions may 
easily be calculated in terms of the known Born amplitudes. Iteration by 
iteration, we could in principle calculate imaginary parts of the amplitude 
to higher orders in all regions of the Mandelstam plane. There is, however, 
one obstacle: the imaginary part is expressed in (3.68) in terms of the total 
amplitudes of lower orders, so to have a regular perturbation theory we 
need a tool to calculate the real parts of the amplitudes as well. And of 
course, the total amplitude (equal to the sum of the real and imaginary 
parts) is needed first of all for a description of physical processes. 


A crucial réle in restoring the total amplitude from its imaginary part 
is played by analyticity. According to the Cauchy theorem, the analytic 
scattering amplitude for Compton scattering may be represented as 


_ [ to _flko) 
f(ko) = aa (3.74) 


where the contour of integration is shown in Fig. 3.4: 
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Fig. 3.4 


The amplitude goes to zero at infinity, hence the integrals over the large 
circles vanish and the contour can be represented in the form shown in 


Fig. 3.5: 


koi koe 
Fig. ov 
Then 
dk (ko) "1 i 
ko) = | 2 = = 
F(ho) 2ni ky — ko 8 3.75 
_ is (3.75) 
FL m+ [gaa i 
since 
1 


5 Lf (Ko + te) — f(ko — ie)} = Im f (hp). 
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The terms in (3.75) containing r; and rz correspond to the contributions 
coming from the poles ko; and ko2 of the Born approximation. (We have 
accepted here the hypothesis that no other pole singularities emerge in 
higher orders.) 

Now we have a regular perturbation theory for the scattering ampli- 
tudes. If the imaginary part of the amplitude of some order in the cou- 
pling constant is determined from the unitarity condition, then due to 
analyticity the corresponding real part (the full amplitude) may be found 
with the help of the Cauchy theorem. Given this amplitude (together with 
other related amplitudes at the same order in e”) the imaginary part of 
the next order may be obtained, again via unitarity, and so on. 

For example, using the Born approximation for two-photon fusion into 
an electron—positron pair. 2y — eTe~. we can restore the photon—photon 
scattering amplitude. Indeed, 


Im F(yy > vy) renee Ga 


The building blocks 


ST = 


are just the Born amplitudes, and by substituting (3.76) into (3.75), we 
find the amplitude of the light-by-light scattering (the only assumption 
being the absence of point-like four-gamma interaction). 

The problem we could face carrying out such a program is that of con- 
vergence of the dispersion (Cauchy) integrals in (3.75). This problem does 
arise, but only when the unitarity graphs have the structure of loop in- 
sertions into single-particle (electron, photon) lines or that of ‘triangular’ 
correction to the basic eey vertex, and can be overcome by employing the 
physical particle masses and the physical coupling. (We shall return to 
these issues later in Chapter 5.) 

This form of perturbation theory deals directly with scattering ampli- 
tudes of physical particles and avoids even mentioning their Green func- 
tions. 

Having satisfied the unitarity condition in each term of a given order 
in e?, we are not guaranteed, however, against trouble after attempting 
to collect the perturbative series. Indeed, as we shall see below, quantum 
electrodynamics per se formally fails at academically large energies 


4 2 
p~ men} =| ~ m 107%, 
e 
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Radiative corrections. Renormalization 


We have shown in the previous chapter how one can obtain higher order 
corrections to the scattering amplitudes from the Born terms using disper- 
sion relations. There is, however, a simpler way to construct higher order 
multiloop amplitudes directly, namely, the method of Feynman diagrams, 
which we will consider below. 


4.1 Higher order corrections to the electron and photon Green 
functions 


4.1.1 Multiloop contributions to the electron Green function 


Let us consider first a free charged particle.* What could happen to this 
free particle? 
(1) The particle could propagate freely from x; to x9: 
Ly r2 
(2) The particle could emit a photon at point x} 5 


1 
Emission of a free photon is, however, banned by conservation laws. 
The photon can exist only for a finite time allowed by the uncertainty 
principle, and then it has to be absorbed by the same particle: 


Bie wT 862 


“We assume for the time being that only one species of charged particles exists. 


174 
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(3) More complicated processes, like 


SR SO 
hss ikl ce 


could take place. 

The exact Green function describing propagation of a free particle is 
equal to the sum of Green functions of all such processes. Notice that 
each electron—positron pair is accompanied by an extra factor —1 since 
v(p) = —u(—p) (see (2.49), more in Section 4.1.2). 

The essence of the Feynman method for any process is to draw all 
topologically different graphs of all orders in the coupling constant for the 
process under consideration, and then sum them ‘o obtain the respective 
Green functions. 

Let us emphasize that one should not overcount topologically identical 
diagrams. For example, the graph with a closed electron—positron loop 


can be represented either as 


or as 


This is essentially one and the same process, so it should be taken into 
account only once. 
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describes propagation of a free particle, and the effect of the virtual pro- 
cesses on this propagation. Notice that a process like 


is merely a replication of the process 
Diagrams of this type can be easily taken care of. We will see later that 
it is convenient to consider separately the processes that do not reduce to 
simple replication. 

First, let us formulate the correspondence rules between the higher 


order multiloop diagrams and the Green functions. The simplest one- 
loop graph 


The sum of the diagrams 


Tr Ly Lo x2 
is described by the following analytic expression 
Gola — 21) =e? f Gla — 25) yh) Ge — 24) 


x (24) G(z} — £1) Duy (2g — £4) d*24, d*z} . 


(4.1) 


The factor e? arises here because there are two vertices. As usual, each 
vertex in xz-space (as well as in the momentum space) also contains the 
factor 77, 


—> 1 


Integration goes independently over all x and x4, since virtual emission 
and absorption of the photon could happen independently at any moment 
of time and at any point in space. 
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In the next order of perturbation theory in the coupling constant we 
can consider, for example, the two-loop graph 


Ly Dk, Lo Ba L2 
Using the same logic as above, we write for this graph 
Gao —_m) =e | (a2 — 2h) i4yC (eh — 25) nV G(xh - 24) 
x ip/G(z} — 27) iq G(x — 24 )Dypt (x3 = 50); 


x Dy (2) — 2) )d*aifd*a}d*a)d*zh. 


(4.2) 


Now we can formulate a general rule, how to write an analytic expres- 
sion for an arbitrary multiloop diagram for the electron Green function. 
First, we put down a product of all free Green functions corresponding to 
all lines in the diagram starting with the last one. Then we integrate over 
positions of all interaction points. We also have to make contractions of 
all repeating indices p. p’,... of the photon Greensfunctions and vertices. 

Let us derive Feynman rules for multiloop diagrams in the momentum 
representation. To this end we substitute Fourier representations for the 
free electron and photon Green functions (see (1.85) and (2.56)), 

4, —ipr 
6q= (2a 
(27)4i m -- p 
d4 k e tke 
Dyy (2) = uv Qn 


(4.3) 


in the coordinate space expressions (4.1) or (4.2) for the higher order 
diagrams. All coordinate dependence in the Fourier representations in 
(4.3) is in the exponents, and integrations over coordinates in (4.1) and 
(4.2) become trivial after this substitution. 

For example, for (4.1) we immediately obtain 


d‘pid‘pod*psd*k 1. 1 Ly 
ey, eri Ai a a eR e 
Golma—m) = | [Qa]! m—p, “m—ps ”m—pi PP 


x fiesta e7i(—p2+p3+k)x—i(—ps+pi—k) x} e'Pit1 d‘z',d*z}. 


(4.4) 


The integral 


ETE MT d‘z', 


= (27)*6(p3 + k — p2)(2m)*6(p1 — k — ps), 
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simply demonstrates that in momentum representation four-momentum 
is conserved in each vertex (see Fig. 4.1). 


k 


Pi N P3 P2 


Fig. 4.1 


Momentum 6-functions lift integrals over po and pg in (4.4), and we obtain 


4 . 
Go(x2 — 71) =| ae 


dtk 9 1 1 i 
(n° m—fi “m—( —b) “m— fi 


(4.5) 


Comparing this expression with the general Fourier representation for the 
diagram in Fig. 4.1 (p = pi = po) 


Gols —2,)= [OP ila) 


we see that the one-loop Green function G2(p) in momentum space has 
the form 


: e? d‘k 1 1 i 
Go(p) = loam a ae) 


Integration over momentum k of the intermediate photon survived in the 
one-loop correction in (4.6) 


p Dak p 


to the free Green function. This happened because four-momentum con- 
servation in each vertex of the diagram still does not fix the momentum 
of the intermediate state, and the virtual photon can have an arbitrary 
momentum. 
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Green functions corresponding to any diagram may be calculated in 
the same way. For instance, diagrams for corrections of order e4 to the 
electron Green function look like 


ky 


ky k 
p p—ky p p—k p 
Analytically the Green function for the second graph has the form 
x 1 d*kyd*k2 1 1 
G =e! / 7 | a ad |) a Sr 
ae) 3 (Qry%? “m—p+h, m—pthetk, 


4.7 
eee 1 im) i oe 
em — pth RE) m— 


and similar expressions can be written for the other graphs. 


4.1.2 Multiloop contributions to the photon Green function 


Let us consider propagation of a free photon. The only thing that could 
happen to a free photon is that it would decay into an electron-positron 
pair for a short time. Nothing else is possible since the photon can interact 
only through the triangle electron -photon vertex. Thus, only processes 


like AAR OOO eae 
i a 
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can contribute to the photon Green function. 

What are the analytic expressions for these diagrams? As we know, 
the lowest order photon Green function g,,D(x2— £1) corresponds to the 
diagram 


LEGO D = ; : 
r1 £9 9pv (x2 oy (4.8) 
y b 


Using our experience with the photon loops, for the diagram 


with an electron—positron pair we write a natural expression 


e? / Dyyt (22-25) iy G (24-24 iw G(x} —24) Dy (2 —2)d* zr} d*z5. 
(4.9) 


An additional complication arises because the photon can create an inter- 
mediate electron and positron in different, though correlated spin states. 
Hence, we should additionally sum over all allowed intermediate spin 
states in (4.9). First of all, this summation means calculation of the 
trace of the expression in (4.9), but there is more. Recall that a (virtual) 
photon transition into a real electron and a real positron is described by 


the vertex 
ee Pi 
= eti(pi)¥0(p2). 


P2 


So, if in the internal part of the diagram 


Pi 


p2 
the particles were real, then the amplitude would have the form 
Ax >> a (p1) qv? (p2)d*? (p2)yu™ (pr) 
A1A2 


= — 32 @ (pi)yw (—po) a (—po) v0 (p1). 
A1A2 


(4.10) 
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The minus sign arose here because 0(p) = —ii(—p) (see (2.49)). Using the 
completeness relation (2.49) 


>> ua(p)a3(p) = (6+ m)ag, 
x 


we reduce summation in (4.10) to calculation of the same trace as in 
(4.9) but with an opposite sign. Thus if we insist on the correspondence 
between (4.9) for real intermediate particles and (4.10) for virtual particles 
in the intermediate state, we have not only to take the trace in (4.9) but 
additionally to multiply it by minus one. 

It is easy to realise that this is a general rule, and an extra factor (—1) 
accompanies each closed electron—positron loop in an arbitrary graph. 

In the same way as for the electron Green functions above, we can de- 
rive the momentum space representation for the photon Green functions. 
For example, the one-loop contribution to the photon Green function in 
momentum space looks like 


i 
?. = 
ak) = 


p—k (cll) 


e? d‘*p 1 1 1 
te ( / Qn)i™m—p”m—p+k) 
The only complication in comparison with the Feynman rules for the 
loops made of charged scalar particles is that now we have to take the 
trace over the spinor indices, and write an extra minus sign for every 
virtual electron—positron pair. 


A real photon with k? = 0 cannot decay into two real particles without 
violating energy momentum conservation. In the virtual process 


ee 


the photon is off mass shell k? 4 0, and the electron also is off the mass 
shell pp 4 \/p* + m?. In terms of non-relativistic quantum mechanics we 
could say that in this process a virtual photon for a short time (determined 
by the uncertainty relation) decays into two particles, violating energy 
conservation. 

Higher order corrections in the Feynman diagram approach are con- 
structed via relativistically invariant virtual processes. The virtual par- 
ticles in the Feynman diagrams are off mass shell. This should be com- 
pared with the ordinary quantum mechanical perturbation theory where 
there is no energy conservation for the intermediate states. The Feynman 
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method is in principle equivalent but much more convenient than the old 
non-covariant perturbation theory because it is explicitly relativistically 
invariant. 


4.2 Renormalization of the electron mass and wave function 


Let us consider exact Green functions for free charged particles in more 
detail.t The total Green function of a free charged particle with mass mo 
is given by the sum of terms which correspond to all possible processes of 
photon emission and absorption 


G= ee Pee 


Some of the diagrams on the right-hand side, which contain subdiagrams 
connected by one electron line, describe simply repetitions of the same 
fluctuations 


oS. 


These fluctuations are only weakly correlated, and might be separated by 
large time intervals. On the other hand, fluctuations corresponding to 
one-particle irreducible diagrams, like 


poe 


are strongly correlated and occur via a very short time interval. In order 
to separate weakly and strongly correlated fluctuations, we introduce the 
notion of self-energy of a particle. The self-energy is a sum of all one- 
particle irreducible diagrams (i.e. a sum of diagrams which do not contain 
weakly correlated fluctuations) 


oy he 


Self-energy (p) contains only fluctuations which take place in a short 
time interval. All other fluctuations which contribute to the total electron 
Green function may be obtained simply by replicating the self-energy 
graphs. Hence, the total Green function can be written as? 


) Go Go Go il 
—»d 


' Below we will call the mass which is written in the free electron propagator mo instead 
of m. 


* From now on bare Green functions of the type (4.3) will carry a subscript 0. 
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Analytically the series for the electron Green function has the form 


a 1 1 
— my-p mo-—p XO) mo — p 

1 1 if 
+p Ola sO. + + 


Mo — p mo 
= E tale (Pp) 


i (4.12) 
mo — p Mo — p 


+ (i-20) : i + |. 


Mo — p 


This is a geometric series, and its sum may be easily calculated in terms 
of the self-energy © 


1 i 1 
Ae) = ee ee ee, 
(?) mo — p1+ D(p)— mo — p+ X(p) 


mo—p 


(4.13) 


In zeroth order approximation the electron self-energy vanishes, and our 
new formula reproduces the well known expression for the free electron 


Green function " 
1 mo+p * 


Go(p) = == 


mo—p mi—p? 


The parameter mg in this expression should be interpreted as the mass of 
the particle, since Go(p) has a pole at the point p? = m3. Indeed, particle 
propagation in coordinate space from x; to x2 is described by the Fourier 
transform of the momentum space Green function (see (2.56)), and for 
the free Green function we have 


dD ipo, MO+P 
Go(£21) = aa ePuae me — pp?’ 


where £91 = %2 — 21. 
Calculating this integral via residues, we obtain 


Go ~ [& e~ Potai +p rar 


where po = \/m? + p?. This relativistic dependence of energy on momen- 
tum just means that the Green function describes propagation of a particle 
with mass mg. Moreover, at large times tg — oo, the only contribution to 
the integral comes from the pole term. If there were no pole, the integral 
would be zero due to fast oscillations of the exponent, and we would not 
observe any particles at all. It is the existence of the pole which makes 
the integral non-vanishing, and provides the proper relativistic relation 
between energy and momentum of the particle. 
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There is no reason to believe that after the calculation of radiative 
corrections the position of the pole of the exact electron Green function 
(4.13) would coincide with the position p? = m of the pole of the zero 
order Green function Go. Hence, the parameter mo has no direct rela- 
tion to the physically observable electron mass, and the latter should be 
determined from the equation 


G(p) aaeaa = 00 (4.14) 


for the total electron Green function. We see that the true mass of a 
particle depends on its self-energy. The very existence of a free particle 
with an observable mass m puts certain restrictions on the self-energy 
X(p). 

The self-energy (pj) depends on 7-matrices only through p. Thus it 
commutes with p, and the inverse Green function can be written in the 
form 

G™ = igesp (8), 
Equation (4.14) for the position of the physical mass is equivalent to 
(mo — p + X(P)) un (p) = (mo — m + X(m)) um(p) = 9, 


where Um(p) is a solution of the free Dirac equation with mass m. Then 
the observable mass of a particle is a real root of the equation 


Mo — m+ X(m) = 0. (4.15). 


The parameter mp is not observable, so it would be better to get rid of it, 
replacing it by a certain function of m. This can be easily achieved with 
the help of the relationship 


G"*(p) = mo — p + (Pp), 
where we substitute mo from (4.15). Then we arrive at an expression 


for the exact Green function of the electron written only in terms of the 
observable mass 


G-\(p) = m—p + (6) - Xm). (4.16) 


Let us now turn to higher order corrections to the charged particle wave 
function. It is not difficult to realize that such corrections are intimately 
connected with the higher order corrections to the Green function. 

Recall how we derived the scattering amplitudes in Sections 1.11 and 
2.3. The idea was to consider Green functions corresponding to external 
legs of a diagram 


Ly 


d‘p e  P(r1—24) 
! AS oo - 
2 / (21)44 m2 — p2 (mo + B) 
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Then, using time ordering of the space-time points 21, x, we closed the 
integration contour in the complex po-plane around the pole at the point 
mo and calculated the residue. With the help of the completeness relation 
(2.49) 


>> ud(p)a3 = (6 + Mo)ag, 
x 


the Green function corresponding to an external leg of a diagram may be 
reduced to the form 


ie 270 ( ace ere) ip) up), 


where now po = ,/p?+ m2. Further, we simply omitted the wave func- 
tions of the free particles 


iad Xr —ipr ae ipz’ —X 
Tag (p)e"P™, ue (p) 
in the expressions for the multiparticle Green functions and the remaining 
factor turned out to be just the scattering amplitude (compare (1.130)- 
CLIT) )e 

The exact Green function has a pole at the position of the physical mass 
m instead of mp. Let us see how the residue at the new pole changes in 
comparison with the residue of the free Green function at mo. As we 
just explained, the residue is connected to the scattering amplitude, so 
we hope to find how such amplitude changes due to change of the Green 
function. To answer this question we expand ){(p) in a series near m: 


E(p) = D(m) + (6 — m)z'(m) + (6 — m)?X(p). (4.17) 


Let us write the last term in (4.17) which contains all the higher power 
terms in (p — m) in the form 


[1 — X'(m)]5-(p) = (6 — m)?X(), (4.18) 
or ; . : 
¥-(p) = a (4.19) 


In these terms, representation (4.16) for the exact electron Green function 
becomes 


G-\(p) = [m-p+Ze(p)] [1- E"(m)] = [1- Um) ] Gz"(p),_ (4.20) 


where 
Gz'(p) =m — p+ Xe(p) (4.21) 


186 4 Radiative corrections. Renormalization 


is called the renormalized electron Green function. 

Near the pole p = m the function ¥,(p) turns to zero as at least the 
second power of (p — m) (see (4.18)) and, hence, we can forget about it 
calculating the scattering amplitude in the limit 21 — oo. Then we obtain 


en tp(zi —z}) 


a x | art (m — rua )| 
mS —ipx, = ipz' 1 
" ae 2p0 a8 u(p)e i a(p)e bee 1 Seay = 5/(m) 


for the pole contribution to the Green function of the external leg. Our 
spinors were normalized by the condition wu = 2m. If we insist now that 
the residue of the Green function at the particle pole is still equal to the 
product of the wave functions, we have to introduce new spinors 


wW=VZou, #=VZo4, (4.22) 


where 


~ ee (4.23) 
The new spinors in (4.22) are normalized by the condition u’u’ = 2mZo. 
Thus, the wave functions of the electron are now renormalized, and the 
constant Z> for obvious reasons is called the electron wave function renor- 
malization constant. Physically, renormalization of the electron wave 
function means that the system we are considering contains photons and 
ete” pairs in addition to the electron: 


The wave function of this system has the form 
WV physical = Ve+ Vey + WVeoy + Vezy ie ot WD eee foes, 


Hence, if the wave function of the system as a whole is normalized to unity, 
the norm of the one-electron component Y, cannot be unity any more. 
This norm is just the fraction of the one-electron state (bare electron) in 
the whole multiparticle state (physical electron). 

Of course, normalization of the wave functions should not affect any 
observables. In the case under consideration such an observable is the 
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cross section. ‘The cross section contains as factors the inverse flux of the 
initial particles and the phase volume of the final particles, which also 
depend on the normalization of the wave functions. Wave functions of 
physical electrons bring in Zy ‘ to the flux factor (the latter being inversely 
proportional to the density of incoming particles). Correspondingly, the 
phase volume of each final physical electron should contain the factor Zo. 
Since the cross section contains scattering amplitude squared, one of the 
square roots W/Z for each external leg of the amplitude will cancel with 
the respective factor in the flux or will be absorbed into the phase volume. 

Bearing this in mind, we can simply calculate the flux and the phase 
volume as usual ignoring any additional factors, while including in the 
calculation of the scattering amplitude one square root WZ2 for each 
external leg. 

Thus, taking account of interactions, an additional multiplicative fac- 
tor W/Z arises for each incoming and outgoing free electron line in the 
scattering amplitude: 


Let us summarize our discussion of the higher order corrections to the 
electron Green function. After summation of the higher order corrections, 
the electron Green function no longer coincides with the free electron 
Green function: both the electron mass and the electron wave function 
change. The observable physical electron mass m is often called renormal- 
ized mass, as opposed to the bare (or unrenormalized) mass parameter 
mo. The Green function of a physical electron may be written exclusively 
in terms of the renormalized mass m (in place of the unobservable bare 
mass mg). The residue of the Green function at the physical pole p? =m? 
can be set to unity, corresponding to propagation of one particle, which 
redefinition of the physical state brings in /Z2 factors to the calculation 
of the renormalized scattering amplitudes. 


4.3 Renormalization of the photon Green function 


Now consider radiative corrections to the photon Green function. The 
exact photon Green function D,, has the form 
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and on the basis of our experience with the electron Green function we 
would expect that the position of the pole in the exact photon Green 
function would shift to some non-zero value. As we know, the position of 
the pole is just the photon mass, and if higher order diagrams generated a 
finite photon mass, the photon would no longer be a photon, and our the- 
ory would not be electrodynamics. Clearly, this problem deserves further 
investigation. We are going to show that, due to current conservation, 
the position of the pole in the exact photon Green function does not shift 
after accounting for the radiative corrections. 

Let us first introduce the photon polarization operator, defined as a 
sum of all diagrams which cannot be disconnected by cutting only one 
photon line: 


The photon polarization operator is similar to the electron self-energy 
X(p). In terms of the polarization operator the exact photon Green func- 
tion reads 


PISS LLIN PIX YY» zi PDDDCYACYO lee 
or 
Dyv(k) = Diy (k)+D) (ky Dor (kK) 4D) Ty Dory Ty Dany Ae 
The summation of the geometric series on the right-hand side gives 
Dy (k) = Di (k) + Db (k) yr Dur (R). (4.24) 
After the substitution D},, = guv/k*, we obtain 
ks, = uv + Tw Dy, 


OF 
|B gy cae! Thaw (k) | TD, = Gv s (4.25) 


The polarization operator II,,, is a second rank symmetric tensor which 
depends only on one vector k,,. The most general form for such a tensor 
is 


Tyv(k) = Quvar(k?) + ky, kyag(k?). (4.26) 
Similarly, the most general structure for the exact Green function Duy 3s 
Dy(k) = guvdi(k?) + kykydo(k?). . (4.27) 


The scalar functions in (4.26) and (4.27) are connected by the equation 
for the photon Green function (4.25). Inserting representation (4.26) into 
(4.25), 


[k? = ai(k?)|Dy(k) = ky ky Dyrya2(k?) = Juv 5 
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and taking into account (4.27) we obtain 
[k° — ay (k?)]da (k?) guy + [k? — a3 (k?) |i, hy do(k?) 
—[kwkvdy(k?)ao(k*) + k*do(k”)ao(k?)kuky] = gue- 
Comparing the coefficients at g,,,, we have 


[k* — ay (k*)]di (k?) = 1, 


(4.28) 


or 
1 


k? — ay (k?)” 
Similarly, comparing the coefficients at k,,k,, we get 


a2(k?) 
(k2 = a,)(k? =O k2a2) ; 
Due to current conservation, the longitudinal part of Dyy, i.e. the term 
proportional to k,,k, in (4.27), does not contribute to the scattering ampli- 
tudes. We shall therefore concentrate on the first term in (4.27)proportional 
to Quv § 


dileg) == (4.29) 


do(k?) = (4.30) 


fa Guy ’ : 
Diy = ae) (4.31) 
The assumption that d;(k7) and thus Dy has a pole at k? 4 0 would 
lead to a theory having nothing to do with quantum electrodynamics. 
The photon Green function (4.31) would have a pole at k? = 0 only if 
a; (k?) vanished like k* at k? — 0. Are there any theoretical reasons to 
expect such behaviour? 

We still have not used an additional condition which current conserva- 
tion imposes on the general form of the polarization operator in (4.26). 
Due to current conservation the amplitude M,, of any process satisfies the 


condition 
Eat, = 0. (4.32) 


We have proved this relation above, for example, for the Compton effect 
(see (2.92)). It is valid also for processes with virtual photons, and you can 
check that in the proof of (2.92) for the Compton effect we did not use the 


8 Equation (4.27) is usually written as 


Ruka ~ 
Dyw(k) = guvds(K2) + hykirda(K) = di(K*) (gus ~ “E5*) + a(R" kuk, 


where 1 1 


2 k2 ee — k2a2’ 
and di(k?)(gu» — kukv/k*) is called the transverse part since ky (guv — dolevyik” uc 0. 


dz = 
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condition k? = 0. We will prove the hypothesis about current conservation 
for arbitrary processes with virtual photons below in Section 4.6. 

For now, we use (4.32) for k? 40. The polarization operator Hy, is an 
amplitude for a virtual process 


=e A, 


and, hence, it must satisfy the current conservation condition 
5 k, Ww = 0. SS) 


Inserting the general representation of the polarization operator (4.26) in 
(4.33), we obtain 


ky Quvar(k?) + kykykya2(k*) = 0, 


or 


ay (k?) = —k*ao(k?). 


Then the polarization operator can be written as 
ay (k) 
Tyy(k) = (Quvk? zs kk, )II(k?), II(k”) =a (4.34) 


where II(k?) is also often called the polarization operator. 

Now we see that if a;(k”) « k? then the polarization operator II(k?) (or 
in other words a2(k?) in (4.26)) remains finite at k? — 0, the total Green 
function D,, has a pole at k? = 0, the photon remains massless even after 
accounting for radiative corrections, and our theory is self-consistent. 

Let us verify that in the framework of perturbation theory the pole 
of the total photon Green function does remain at k? = 0. Consider, 
for example, the lowest order one-loop contribution to the polarization 
operator 


or, analytically, 


dp 1 1 
W)(k) = -2 | Fm ee | 
i (27) 44 *m——’m—p+ +k 


(From the very structure of this expression we can already see that the 
polarization operator is unlikely to have a pole at k? = 0: the intermediate 
state contains a massive electron—positron pair, and a singularity at k? = 0 
could be generated only if we had a massless intermediate state.) 
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In order to prove that the respective II) (k?) is finite at k? — 0, and the 
photon does not acquire mass due to radiative corrections (at least in the 
one-loop approximation) it suffices to check that TW) (k?) is transverse, 
Ket (k2) = 0. 

Let us calculate 


ae k 1 
kyl) (k) = -e? = a 
Lu iA ) € (27)4i Tr mp ag, : (4.35) 


With the help of the representation k =k +m— p— m+) we obtain 
d*p il 

Tr | -——_= + = | =0 
(2r)4i ( Fe ale ra 5%] , 


where we used that the integrand turns to zero after the shift of the 
integration variable p — k = p’: 


olka = —e* 


ae — 0 

m—-p m—p 
(Note that there might be some problems with thjs argumentation! since 
each integral « f d*p/p? diverges at large momenta.) 

Thus we have proved that the one-loop perturbation theory contri- 
bution to the polarization operator is transverse and, hence, the pho- 
ton remains massless in the one-loop approximation. The reason for the 
transversality of the polarization operator is current conservation which 
is built into quantum electrodynamics. Similar calculations can be car- 
ried out also for higher order contributions to the polarization operator, 
and again due to current conservation the photon remains massless in all 
orders of perturbation theory. 

Thus, the total photon Green function is 


Suv 
Dw = a ST 4,36 
Mm k271 — TI (k2)]? Ge) 
and due to current conservation it has a pole only at k? = 0. Like in the 
case of the electron Green function it is useful to write the total photon 
Green function in terms of the subtracted polarization operator 


I(k) — 11(0) 


Sa) (4.37) 


Tl.(k7) = 


Still, this line of reasoning can be made more accurate by using, for example, the 
Pauli—Villars regularization. 
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in the form 


Z3 V 
Dw) = gay = 28 Piw(H) (4.38) 
where Z3 = 1/(1—II(0)), and we have introduced the renormalized photon 
Green function Dé,,(k?). 

Similarly to the case of the electron Green function, in calculations of 
scattering amplitudes with external photon lines we should take into ac- 
count renormalization of the photon wave function, i.e. the factor /Z3, 
which is called the photon wave function renormalization constant. Again, 
one factor \/Z3 for each external photon leg is associated with the ampli- 
tude, while another is compensated in the calculation of the cross section 
by the corresponding factor in the flux or the phase volume. Hence, ef- 
fectively the scattering amplitude should be multiplied by /Z3 for each 
external photon line, while normalization of the photon wave functions 
remains unchanged (unit residue for on-mass-shell photon). 


4.4 Feynman rules for multiloop scattering amplitudes 


We are now ready to give a general prescription for constructing arbitrary 
scattering amplitudes. Consider, for example, the process 


The total amplitude for this process is given by the sum of all possible 
multiloop diagrams with the same external lines. 
We associate a free electron Green function 


1 : ' 
Go = - with each internal electron line 1) 
mo — p 


and a free photon Green function 
) 9g 
Div = = 


_ Iw |. : k 
‘2 with each internal photon line APC 


For the external lines 


u(p)e"?* \/Z__~_ corresponds to an initial electron, 


u(p)e™*\/Z_ to a final electron 
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and, respectively, 
v(p)e*?* \/Z__ corresponds to an initial positron, 
v(p)e?*\/Z2_ to a final positron. 
The factor 
e e tke vA ees 
yi 3 corresponds to an initial photon 


and 
eer V¥Z3 toa final photon. 


Note that the external lines are on the mass shell, p? = m?, k? = 0. 
All the resulting expressions should be antisymmetrized with respect 
to the external electron lines, i.e. 


Pi P3 Pi D4 


P2 P4 Pp2 


and symmetrized with respect to the final photon lines. 
All internal lines in the diagrams so far are described by the bare elec- 
tron and photon lines Gg and Die However, processes like 


) 


3 


with self-energy insertions in the internal electron lines, and similar pro- 
cesses with polarization insertions in the internal photon lines are also 
possible and should be taken into account. The sums of all self-energy 
and polarization insertions in the internal lines give exact Green functions. 
We can significantly reduce the number of diagrams which we should con- 
sider, if we agree to ignore the diagrams with self-energy and polarization 
operator insertions in the internal lines, and instead ascribe to all internal 
lines not the bare but the total (exact) Green functions (4.20) and (4.38). 


4.5 Renormalization of the vertex part 


In the previous sections we have considered how the electron and photon 
propagators change when we take into account radiative corrections. Let 
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us now turn our attention to the the photon emission amplitudes (vertex 
parts) 


k 


Pl 
P2 


and see what happens with them if we consider higher order contributions. 
Higher order processes with corrections to the electron and photon lines 


have already been taken into account. Therefore, we now consider those 
corrections to the electron—photon vertex which cannot be interpreted as 
corrections to the external lines. Let us introduce function T,,(pi,p2) as 
a sum of such corrections: 


ma, + d sf i 4... (4:39) 


How do the radiative corrections collected in the vertex part I’,, change 
the amplitudes of the real physical processes? 

Let us return to the electron—electron scattering considered earlier in 
Section 2.5: 


ae 


OG 


At small momentum transfer g this process reduces to the usual Coulomb 
scattering, and from equation (2.89) we have concluded that the factor e 
in vertices of the tree Feynman graphs is just the charge of the electron. 

However, the total vertex part is a sum of all the higher order processes 
which can take place in the vertex, and, hence, the charge e defined from 
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the tree Feynman diagrams is only the first approximation to the observ- 
able charge. In order to obtain the real observable charge, all corrections 
to the vertex should be taken into account, and the charge should be 
renormalized like the mass was renormalized. 

Let us represent the total vertex part T',,(p1, p2) in the form 


T.(p1, po) =%+ A, (p1, P2), (4.40) 


where 


For a particle at rest and at zero momentum transfer g = 0, 


D,.(m,m) = y+ Ap(m,m), 


where A,, is proportional to 7,, ‘ 


Ay(m,m) = yA(m,m), (4.41) 


since the matrix y, is the only vector in the problem. 
We define the vertex renormalization factor 7, by the relation 


Cy(m,m) = y[1 + A(m, m)] = Naess (4.42) 


The factor Z,* describes how the amplitude at zero momentum transfer 
changes due to all possible high order processes taking place in the vertex. 

The total electron—photon vertex including all radiative corrections can 
be written in the form 


T.(p1,p2) = YwtwA(m,m) + Ay(pi, p2) — Ap(m, m) 
= A,(p1,p2) — Ap(m,m) = 
_ 1 Ue y U = Tr 
41 [+ 1 Alm, m) Ah w 
where 
Te = wt AG (4.43) 
and 
Ac = A, (p1, P2) —Ay(m,m) (4.44) 


H 1+ A(m,m) 
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Tf, (Aj,) is called the renormalized (subtracted) vertex function. In this 
semiiiton it is obvious that at zero momentum transfer the onic vertex 
function reduces to the vertex renormalization constant [,, = el Vpe- 

Let us return to electron electron scattering. The simplest one-photon 
exchange diagram for this process which already includes all radiative 
corrections to photon Green function, electron- photon vertices, and the 
external lines has the form 


VZ2 


VZ2 Ty VZ2 


where the thick photon line corresponds to the total photon Green func- 
tion, and the vertices correspond to the total vertex function [,,.. More 
complicated processes, with larger numbers of photon exchanges 


jy) ee 


Fig. 4.2 


etc., also may be easily accounted for. 

It is easy to see that even the most complicated diagrams contain nei- 
ther bare vertices, nor bare Green functions, and only the total vertices 
and exact Green functions enter all expressions. There is obviously no 
need to consider diagrams with self-energy and amma corrections, 
constructed with the use of either bare or total Green functions. 


iit. te 


since they are already included in the Green functions. Diagrams like 
those in Fig. 4.2 which do not contain self-energy, polarization or vertex 
corrections are called skeleton diagrams. 
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Total vertices, electron, and photon Green functions are all multiplica- 
tively connected with the respective renormalized functions (see (4.21), 
(4.38), and (4.43)), and may be written as 


ig = Zee, / (4.45) 
G(p) = 22G(p), (4.46) 
Dw{k) = 23 Di,(k). (4.47) 


Let us see what happens if we insert these representations in the di- 
agrams. An internal electron line always starts at one vertex and ends 
at another, the same is true for internal photon lines. Therefore, it is 
convenient to write the factors Zz and Z3 in (4.46), (4.47) as products 
of two square roots WZ2 - /Z2, /Z3 -WZ3, and associate each of these 
square root factors with the beginning and the end of the corresponding 
line. This means that, since a vertex is a point where two electron lines 
and one photon line meet, each vertex will be multiplied by the factor 


€e = eZ, \ZovVZs3, (4.48) 


which is called the renormalized charge. All renormalization factors Z; 
disappear from the diagrams written in terms of the renormalized charge 
€- and the renormalized Green functions G° and D*. The analytic expres- 
sions for the skeleton diagrams built up of e., G®, and D®° have exactly 
the same form as those in terms of the bare charge and Green functions 
G and D. 

It is easy to see that the renormalized charge is just the observable 
physical charge. Indeed, consider again electron scattering at small angles: 


This graph has a pole at small momentum transfer q* — 0, since 


- 1 


All other electron-electron scattering diagrams with larger numbers of 
photon exchanges have no poles at small momentum transfer, since they 
contain integrations over intermediate momenta. Hence, at small momen- 
tum transfer the main contribution to the amplitude comes from the pole 
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diagram, and is equal to 
2 i 
A= (eZ, 1ZoV/ Zs) UYpu a Uypu. (4.49) 


This is just the Coulomb scattering amplitude, with the physical charge 
€-, which is measured experimentally e2 ~ 47/137. We see once again 
that due to higher order processes not only the mass but also the electric 
charge of the charged particle gets renormalized; they do not coincide 
with the mass and the charge of the non-interacting particles. 

Now consider the expression for the renormalized charge 


@e = eZ 'ZaVZ3 


from a slightly different perspective. Let us assume (in accordance with 
the experimental data) that different species of charged particles exist in 
nature, in particular, electrons (e), muons (1) and protons (p): 


Go a a 
6 ae 
Gp p 


Respective interaction vertices are P., I, and Tp. Generally speaking, 
they are different, since the integrals which include Green functions of 
particles with different masses do not necessarily lead to the same result. 
Let us investigate how the existence of essentially different species of 
particles affects the photon Green function. The exact photon Green 
function in a theory with only one kind of charged particles is given by 
the sum 


a ie ae 


cS 


If other particle species besides the electron exist, processes like 


Je p- 


will also contribute to the photon Green function. In a sense the photon 
Green function is a universal function, it directly feels the presence of 
all species of electrically charged particles, unlike the Green functions of 
charged particles which are all different and depend crucially on the type 
of particle and its specific interactions. 
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4.6 The generalized Ward identity 


Let us discuss an interesting theoretical problem. Imagine that the bare 
charges of the electron and the proton are equal. Due to interactions, 
observable (renormalized) charges of these particles apparently become 
different: 
€ce = 212 Z2e/Z3 € ’ 
cp = Zi, ZapV 23 ee 


This, however, contradicts our intuitive ideas about charge conservation 
and would have dramatic consequences (for example, the hydrogen atom 
pe” would no longer be electrically neutral). The only way to save charge 
conservation or, to be more precise, the universality of charge renormal- 
ization, is to assume that for each species of particle the respective 21 
and Z always coincide, 


(4.50) 


Te oa (4.51) 


If this is true then the renormalization constants Z; and Z2 which depend 
on the type of particle disappear from (4.50), and the physical charges of 
different particle species remain equal after renormalization, provided the 
bare charges were equal. We will prove that relation (4.51) really is valid 
in electrodynamics. 

Let us first recall that the vertex function with on-mass-shell external 
fermions satisfies the equation (see Section 1.8): 


kul (pi, p2) = 0, j (4.52) 


where k, = pi — po - 


Pi P2 


The vertex function with off-mass-shell external legs satisfies a more gen- 
eral condition 


kV u(p1,p2) = G~"(p2) — G7*(p1), (4.53) 


which is called the generalized Ward identity. We will first demonstrate 
that (4.53) leads to Z; = Z2, and then we will prove the generalized Ward 
identity itself. 
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At small momentum transfer the expression on the left-hand side of 
(4.53) reduces to kyZ, My. On the right-hand side each of the Green 
functions gives G7 = m — p, and we obtain 


kyu Zi Yu = 25" [-Be + 1] a Zak aa id Wa 


or Zi = 2). 
Let us now prove the generalized Ward identity (4.53). It is obviously 
valid for the simplest tree diagram contribution to the vertex function 


Ve 


P1 P2 


which is simply the matrix y,. Indeed, the bare electron Green function 
is 


Go" (Pp) = mo — B, 
and we have a trivial identity 


kVp = pi — pe, 


which coincides with the generalized Ward identity in the tree approxi- 
mation. (For real particles pju(p1) = mu(p1), U(p2)p2 = U(p2)m and thus 
ky (ypu) = 0.) 

The analytic expression for the one-loop contribution to the vertex 
function has the form 


2 dk! z 1 il 1 
(20)8i ” mo — Ba + “mo — Bi +h Re? 


Calculating the contribution of this graph to k,,I',,, we again obtain the 
combination k,,y,, in the numerator and write it as 


kyu = k = p1 — po = (mo — fo +k’) — (mo - 61 + F). (4.54) 
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Then 


d*k’ 1 
. oy A ae ~ . 
(20)4i k? \ my - B+ BI aaa: mo — po + k! e 


The first term in this expression for kpAW arose as the result of cancel- 
lation of the first term on the right-hand side in (4.54) with the electron 
propagator with momentum p2 — k’. The second term is the result of a 
similar cancellation of the electron propagator with momentum p; — k’. 


Graphically the right-hand side of the expression for kp AW looks as 


Ae 


pi — k’ po —k’ 


P1 1) 
k’ k! 


or, analytically, 
k,AD = SOG) — DO Gp). (4.55) 


Similar expressions can be obtained for higher ordef diagrams. Their sum 
gives exactly (4.53). 
The generalized Ward identity at small momentum transfer has the 
form 
ae ae 0G"! A Oca. 
kV .(pi,p2) = G* (po) — G7" (Bo +k) = ae = =e Ph 


and at zero momentum transfer degenerates into the equation 


OG" "(p 
Li (p, P) aaa OD Vp 
which may be written as 
dG! (p) 
[,.(p,p) = -——>———,, 4.56 
(P,P) = (4.56) 


since y, = dp/dpy. 

With the proof of the generalized Ward identity we conclude our con- 
struction of quantum electrodynamics which contains only renormalized 
charge, renormalized vertex function, and renormalized Green functions. 
Further problems are connected with the study of the exact Green func- 
tions D° and G*°, and the vertex part I). In lower order approximations, 
however, the corresponding calculations are straightforward and relatively 


simple. 
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4.7 Radiative corrections to electron scattering in an external 
field 


Let us consider radiative corrections to electron scattering in an external 
field. As we discussed in Section 2.8, such a process is just a scattering off 
a heavy particle. The amplitude of this process in the tree approximation 
has the form 


P1 : p2 , 
; : q = eti(p2)yu(p1) A), (4); (4.57) 
a 
where a 
Au (9g) = pu: (4.58) 


and /J,, is the Fourier component of the macroscopic heavy particle cur- 
rent. 

What happens with this one-photon exchange diagram when we take 
into account processes of higher order? First, the vertex gets dressed, and 
an additional factor \/Z2 arises for each electron line: 


M2 lis, J/ Zo 
aie Fae 
= eu(p2)T7, (pe, pi)u(p1)Ay(q), (4.59) 
| 
———— 
where [,, = 2, She Second, the external field A, also changes. Indeed, 
according to (4.58), it has the form 


A,,(q) = eDn(q)Iv(q), 
and the higher order corrections lead to 


Ay(q) = Sree eh (4.60) 


The field is modified due to various processes with virtual electron—positron 
pairs, such as 


O * 
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The final expression for the scattering amplitude is 
F= ectl(p2) Uy (Pas Pi )u(Ps) 7 Fre gay An (@) (4.61) 


with A®(q) defined in (4.58). 


Thus the amplitude is modified due to two effects, namely, renormal- 
ization of the interaction, and change of the external field. The external 
field changes as a result of production of virtual electron—positron pairs 
in the vacuum. The sign of this change may be easily determined from 
physical considerations. Assume, for example, that the heavy particle has 
a positive charge. If an electron—positron pair is created in the field of 
this particle, the positron is repulsed and moves away to a larger distance: 


The heavy particle is thus surrounded by negative charges, and its observ- 
able charge decreases. This effect is called vacuum polarization, and it is 
similar to the polarization of a dielectric by an external free charge. In 
the case of a dielectric the molecular dipoles play the réle of the electron— 
positron pairs. 


The physical and bare charges are connected by the relationship (4.48) 
(recall that Z, = Z2 due to the Ward identity) 


e? = Z3 2. 


Our simple consideration immediately leads to the conclusion that Z3 < 1, 
and the physical charge is screened. It is just this screened charge squared 


Ar 
Deg 
eam Te 


that we observe at macroscopic distances. If we came closer to the 
electron, we would start feeling its bare charge squared which is larger 
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than 47/137. 


/ 


6 o>. 
'®@ ©)7O 
\@ 
See 


‘\ 


Thus we can expect that 
Weg) > 0 lo) 
and the interaction would grow at large momentum transfers (correspond- 


ing to small distances): 


e€ 


2 2 
0 ~ THeqa) > e? when |q?|>>m?. 


As we have seen, corrections to the electron scattering amplitude in an 
external field are due to vacuum polarization and to corrections to the 


vertex function. Now we will calculate the contributions of both these 
2 


effects to the scattering amplitude to first order in e*. 
4.7.1 One-loop polarization operator 


According to the Feynman rules the electron—positron contribution to the 
polarization operator 


et 


has the form 


d‘p 1 1 
T1w(k) = -2 f 7-1 ee 4.62 
nt) (27)4% (uatgy <a (ae 


Other particles also contribute to the vacuum polarization operator. The 
muon contribution 


ut 


4.7 Radiative corrections to electron scattering 205 


can be calculated similarly to (4.62). Calculation of the proton—antiproton 
contribution 


is much harder, since besides the electromagnetic interaction the protons 
are also subject to strong interaction. This is still an unsolved problem 
but, as we will see, at small momenta the contribution to the polarization 
operator of any particle-antiparticle pair behaves like ~ k*/m?, where m 
is the mass of the respective particles. Thus, at small energies even the 
muon contribution is negligible. More careful investigations of radiative 
corrections at not too high energies guarantee that there are no unknown 
light charged particles. 

Returning to the calculation of the polarization operator II,,, let us 
write it in the form 


Ty = (Suvk a kuky)I(k7Y. 
Then 


d4p Tre|w(m+ p)w(m+p-k) 
Thane = 3k7T1(k?) =e ? aa ia er LBD | (4.63) 


The trace in the numerator is easy to calculate: 


Tr | (m+ py (m + p— k)| = Tr | (4m — 2p)(m+p- &) | 


(4.64) 
= 16m? — 8p(p — k). 


In this calculation we made use of the fact that the trace of the product of 
an odd number of y-matrices is zero, and also used the auxiliary relations 
for y-matrices 


Wi =4, Wwrw=—2p, Try = 4ow- 


Substituting (4.64) in (4.63) we see that the integral (4.63) diverges at 
large integration momenta. However, radiative corrections are determined 
by the subtracted polarization operator Ti¢(k?), 


II(k*) — 11(0) 


i 10) o II(k”) — 11(0), (4.65) 


TI°(k*) = 
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which is convergent. | 


We start the calculation of the integral (4.63) using the analytic prop- 
erties of the integrand in the plane of complex po. The first denominator 
generates poles of the integrand at the points 


Pie = +1/m? + p? —ie, 


\ 


the second one generates poles at the points 


Pog = ko + 1/m? + (p—k)? - ie. 


We will calculate the polarization operator at space-like momenta k2 < 
0, its values at time-like momenta will be obtained by analytic contin- 
uation. For space-like k we can always choose a reference frame where 
ky = 0. In this reference frame the poles are symmetric with respect to 
the imaginary axis in the energy plane as shown in Fig. 4.3. 


Then we can rotate the integration contour from the real to the imag- 
inary axis. This is allowed since in the process of rotation the contour 
does not cross any: singularities. 


 Rigorously speaking, the integral (4.63) is quadratically divergent and one subtrac- 
tion in (4.65) would not make it convergent. However, we have to recall that the 
polarization operator II(k?) was essentially defined as the factor before the tensor 
ky kv in (4.26) in the representation of the polarization operator in terms of inde- 
pendent tensors. Comparing representation (4.26) with the explicit integral for the 
one-loop contribution to the polarization operator liek”) in (4.62) it is easy to see 
that the integral for II(k”) defined in this way diverges only logarithmically. Then 
one subtraction in (4.65) really makes it convergent. We have introduced a fake 
quadratic divergence in the integral (4.63) when we carelessly assumed that the inte- 
gral in (4.62) has the proper transverse structure. Sure, such structure is imposed by 
current conservation, but literally we are dealing with the divergent integral. and this 
condition may be apparently violated by the divergent terms. Anyway, it is easy to 
check that the fake quadratically divergent term in (4.63) is real, and thus our care- 
less treatment of the integral (4.63) did not change either the analytic structure or 
the imaginary part of this integral. We are going to calculate the integral (4.63) using 
the analytic properties of the integrand and, hence, we can ignore all complications 
mentioned here. 
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Fig. 4.3 


The integral after the rotation is obviously real because only quadratic 
expressions in po enter the integrand in (4.63), and the integration volume 


element 
d*p _ dpod*p _ dpyd*p 
(2r)4i (Qr)4i (2x) 
is also real after the rotation. Hence, the integral (4.63) is real on the real 
negative half-axis (bold line in Fig. 4.4) in the complex k? plane. 


Fig. 4.4 


Moreover, the polarization operator does not have any singularities at 
negative k?, since the denominator in (4.63) does not turn to zero any- 
where on the rotated contour. (To secure convergence of the integral at 
large p’, we can cut off large integration momenta by an auxiliary param- 
eter A. We will return to this problem later.) Let us see where in the 
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k? plane the integral (4.63) may become complex. Positions of the poles 
in the po plane depend on k?, and the poles p$ and p{ move as functions 
of k. 

For time-like k it may happen that at certain k? either the poles 4 and 
1 (for ko > 0) or the poles 3 and 2 (ko < 0) will collide (p} = py or 
p§ = p§) and pinch the integration contour. At this moment the contour 
is immobilized, and one cannot deform it to avoid zero in the denominator 
of the integrand (see Fig. 4.5). 

‘“ 


Fig. 495 


Thus at a certain ko the integrand becomes infinite on the integration 
contour. This means that at this point the integral (4.63) has a singularity 
and may become complex. Let us determine the critical kg > 0 from the 
condition p? = p?: 


ko = /m?+ p?+4/m2+(p—k)?. (4.66) 


We see that an imaginary part of the integral arises only at sufficiently 
large ko, when there is enough energy to create two real particles with 


energies 
ym2+p2 and = 4/m?2+(p—k)2 


ma 


(The integral can also acquire an imaginary part at 


ky = —1/m? + p? — y/m? + (p—k)?, (4.67) 
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corresponding to the same point in k?. Physically this case is not inter- 
esting since it corresponds to negative photon energy.) 

Apparently, the condition (4.66) for the position of singularity is not 
relativistically invariant. To write it in a relativistically invariant way, 
let us go to the reference frame where k = 0 (this can be done because 
k? > 0). Then 

k2 = k? = 4(m? + p?), 
and the singularity arises at 
k? > 4m?. (4.68) 


Consider the k? plane cut from the point 4m? along the real axis to 
infinity: 


4m r) 


It is clear that the integral (4.63) has no other singularities in the complex 
k* plane besides the singularities on the positive real axis. Then it is 
an analytic function in the cut k? plane, and we can write a dispersion 
representation for II°(k?): 


1 fe dk? Im I°(k?) 
0) = fe 


(4.69) 


If this integral is divergent at large k’ (which it is), we can improve its 
convergence by subtracting H°(0) since the physical polarization operator 
should satisfy the condition II°(0) = 0 anyway. Then we obtain 


i 1 1 
TI°(k?) = = ja? Im II°(k’”) Fess = a ; 
and, since an imaginary part exists only at k? > 4m”, 


ka iE dk’? Im I°(k’) 
4 


a BRS (4.70) 


TI°(k?) = 2 
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Let us now calculate ImII°. The pole p{ moves with ko increasing and 
drags the integration contour, and the imaginary part of Ty, = 3k7TI(k?) 
arises when the contour C’ passes the pole p? (see Fig. 4.6). 


Fig. 4.6 


After the pole has been passed, the contour C’ may be represented as a 
sum of two contours C; and C2 shown in Fig. 4.7. 


Fig. 4.7 


The contour C1 is a straight line slightly above the real axis, while the 
contour C2 is a closed loop around the pole at p{. It is easy to see that 
the integral over C) is real, and an imaginary part is due to integration 
over C2. This last integral is just the residue at the point po = p{, and 
we obtain the pole contribution to 3k7II(k?) 


pa d°p lee) 
/ wily SETS 


i 
(2n)3 (mm? =p — ie) (ko — Vm? + (p— kp) 
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Then the calculation of the imaginary part of the polarization operator, 


3k? Im TI(k?) = alt TH), 
(27)? 2(ko — \/m? + (p — k)?) 
is easy using (1.164): 
1 
Im ape eT 76(m?—p*) = 16,(m2—p*) (since po = po > 0). 


Writing the integration volume as 


ad: 
TSN eal = d'pé (0 — ym a (p-)?) 6 (m?—(p—k)*) 
apo. (m? SAN k)*) ; 


we immediately come to an explicitly relativistically invariant represen- 
tation for the imaginary part of the polarization operator: 


3k? Im II(k?) 


g . 


io -en <P. b4 (m? = p) 64 (m? Se = k)*) Malet) oa 


This imaginary part coincides with what we would obtain from the uni- 
tarity condition (compare with the discussion in 3.3.4), ie. with the ex- 
pression given by the diagram 


containing real particles (see the rules for calculation of the diagrams 
with real internal particles in Section 1.13). Thus, we have confirmed 
once again that the Feynman diagrams satisfy the unitarity condition 


automatically. 
Using the explicit form (4.64) for Tr(...) we derive from (4.71) 


3k? Im II(k) 


4 7 - (4.72) 
=e [ TP in6m?—8p? + 8phb.-(?—p?)6.(m? — (p—h)) 


Due to the condition 


p=m = m? — (p—k)? = 2pk — k? =0 => 2pk = k? 
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imposed by the 6-functions, the integral in equation (4.72) reduces to 


2 8m? + 4k? 


Iie =e —— a 


[ £2.00? -m?) 5, ((p- 8)? 


The simplest way to calculate this integral is i go, once mua to the 
reference frame where k = 0. Then (p — k)? — m? = —2poko + k? and 


d3p 1 
sn5+(P? — m?)5,.(k® ~ 2poko) = fF 8(05 ~ p2—m) 5p, (473) 


where po = k?/2ko = ko/2 and p, = |p|. In spherical coordinates, hey) == 
pedpe x 4a = 2np-dp2, and the integrand in (4.73) can be written as 


ea = wie 4m? [2 ae 
—= —— 294/75 — m4 = —- > 
812 2ko 8a ko =z 


Then 
2 een 2 ay 2 
2 _ _ © 8m*t+4k* [k*—4m 
eT aE ke 
ear ke 
Ag 3k k20? 
and finally 
2 4m? 
ImT(k?) = = $ (14 a ) ee ear (4.74) 


Let us note that due to (4.65), ImII(k*) equals Im IT°(k?). Hence, 


ce ae is dn?y/1 — “ar 2m 
ek = 37 oe? ae De eile (4.75) 


Let us calculate the polarization operator (4.75) in two special cases of 
small and large virtualities k?. 
For k? — 0, we obtain after the substitution 2 = 4m/x? 


TI°(k?) ~ — 


Qed 2 
ak [ “a T2(1+5) _ Lote (4.76) 


374m? Jo 152m?’ 


i.e. the polarization operator vanishes as II°(k*) « k? when k? — 0, as 


expected. 
For large negative virtualities, |k?| — 00, the main, logarithmically 
growing, contribution to the integral comes from the integration region 
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with momenta 4m? < k? < |k?|, where the integrand behaves as dk? We. 
This leading contribution can be easily calculated: 


—h dp2 oq fk? 
TISMR2) axe | gO 
i a ae a 


The logarithm in (4.77) is in fact the main problem of quantum electro- 
dynamics. For example, this logarithm enters the amplitude for electron 
scattering by an external field with momentum transfer gq (q? < 0) through 


the factor ; 
m2 \ 
a Srl] = x In ee 
1 — II¢(q?) 3r Sm? 


which means that the amplitude acquires a pole at very large space-like 
momentum transfer. This singularity has an obscure physical meaning, 
and this is a real difficulty. We will temporarily postpone consideration 
of this problem and turn instead to the radiative corrections to the inter- 
action vertex. 


4.7.2 One-loop verter part , 
Let us look at the scattering amplitude given in (4.61), 
a 1 0 
F= ecti( Pa), (Po, Pi )u(P1) 7 —Fyegay Aula)» 
from a new perspective. For small momentum transfer q? 


1 


es = Ue), 
1 He) + II°(q") 


and taking into account that 
Lo. = 9p teh, 
we obtain 
F ~ ecii(p2) | y(1 + 01°(g")) + Af (p2.pr) | w(rr)Ap(g). (4.78) 


All terms in the square brackets here are proportional to +,, and the 
factor before y, differs from unity due to contributions of the vacuum 
polarization and the vertex part. The non-vanishing vertex part contri- 
bution A’, demonstrates that the charge distribution inside the electron 
has a —- radius. Indeed, the usual quantum mechanical form factor for 
a particle of finite size, at small momenta transfer has the form 
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where ro is the mean radius of the charge distribution. 
In the first order of perturbation theory the vertex part A,, is 


d*k 1 i 1 
P 

ee = yy, x Yyp——_—s Wry (4-79) 
is Qn)ti m= py th 'm— pi +k ke" 

(e 


P1 P2 


and 


AS = Ay—Ay(m,m). — (4.80) 


In Section 2.4 we have written the most general expression for the electron— 
photon vertex on the mass shell: 


ti(p2) Af, (p2, p1)u(p1) = U(p2) [ayy + boyrg | u(pr1). (4.81) 


The total vertex part was parametrized as 
Dy = GY + bop av, 


where & = G(q’), b = b(q?) and @(0) is simply the charge of the particle. 
According to (4.80), the function a(q*) vanishes at zero q? 


while b(0) may be different from zero. We have shown in Section 2.4 that if 
b = 0, the electron has a magnetic moment equal to the Bohr magneton. 
The non-vanishing 6b # 0 means that due to interactions, the electron 
acquires an additional magnetic moment which is called the anomalous 
magnetic moment. It is clear from the explicit form of (4.79) that there 
are no special reasons to expect b(0) = 0. Direct calculations confirm that 
b(0) 4 0. 

We have constructed electrodynamics starting with the simplest as- 
sumption that the electron—photon interaction is described by a vertex 
with a(q”) = const = e and b(q?) = 0. However, a non-trivial electric 
form factor (dependence of @ on q*) and an anomalous magnetic moment 
arise when higher order contributions are taken into account. This effect 
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can be easily understood qualitatively. Let us consider the process 


Even if the electron was initially at rest, it acquires a non-vanishing mo- 
mentum after the emission of a virtual photon. Hence, the external field 
interacts with a current 


and not with a static charge. Electron motion, naturally, generates a 
magnetic moment. An electric form factor arises since the charge in this 
process is effectively distributed over a finite region rp ~ 1/m: 


a. 


First order perturbation theory correction to the electron magnetic mo- 
ment was calculated by Schwinger [3] in 1948: 


a 


We will briefly outline the calculation of the one-loop vertex part AM 
by the Feynman method. The explicit expression for A,, in the first order 


in e? is 
dk (m+ po—k)y(mt pi — kw 
Cy SUN eee ee ee = (A 
Ay ae eae oe O 


Pl 
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To calculate such integrals Feynman invented the identity 


1 1 /) daydazdad(a; + a2 + a3 — 1) 
ee iL YON 0 Sie eee (4.84) 
abe =. 33! Jo aa, + bag + ca3)8 
In our case 
i ae “ 
abe > [m? — (pp — k)?][m? — (pi — k)?]k? 
_ 1 / x da) dazda3 6(>> og = 1) 
~  3tJ {a3k? + a2|(p2 — k)? — m?] + ai[(p1 — &)? — m2] }§ 


The 6-function gives a3 = 1 — a1 — a2, and then 


1 21 [| cde 
abe 3! J [k2 — 2k(a1pi + a2p2)|? 


Shifting the integration variable 
ki =k — api — aap, 


we get rid of the term linear in the integration momentum in the inte- 
grand, 


k[k — 2(a1p1 + a2p2)] = (k’ + api + a2pe)[k’ — (a1pi + aopa)), 


and obtain 
ee (4.85) 
abe mn 3! J [k? — (aypi + aep2)?]3 
Then 
_ 1 Q dt k! 
Au = 31 J dosdasdass(S> i — De (2n)%i 


. yim + (1 — a2) po — api — k’ylm + (1 — a1) pr — e262 — ky 
[2 —(ar-+ ap)2m4 + a1a292|" 
where we have taken into account that q? = (p; — pe)” = 2m? —2pip2. We 
now omit the terms linear in k’ in the numerator of the integrand since 


they obviously give no contribution to the integral. The remaining terms 
in the numerator have the form 


fi(q?, 01, 02)%u + fo(g?, 1,02) oma +k? yy. . (4.86) 


Thus, the calculation of the momentum integral reduces to the calculation 
of two standard integrals: 


d*k! ak 
n= | Gaaap (430 
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and 


dik’ k/2 
pa lean (ni (K2— A) (Be) 


In these integrals we can rotate the integration contour in the complex ko 
plane from the real axis to the imaginary axis because the contour does 
not cross any physical singularities in the process of rotation. 


g 
The rotation effectively reduces to the change of variables 


beak, and =k? =K?—k? = —K?2 —%?, 


and after the rotation, integration effectively goes over the four-dimensional 
Euclidean space. Angular integration in spherical coordinates is trivial, 


d’k! = nk dk? 
and we obtain 


ak i TR ea 
ie __ fei 
i 


(2n)4 (kb? + A)3 + A) (k/2 + A)3 
Me = nx dz 
= (27)4(a + A)3 ~ aoe 
Similarly, 
2K 4 dk/2 foe) 2dx. 
ca / (2Qr)4(k/2 + A)s x [ (27)4(a + A) 
2 foe) (oa) 
aa ff = [fe - 4 f va? f + 
1672 Ja y? Ona a. Y A Yy AY 


a os [In i - 7 
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The last integral is logarithmically divergent at large integration mo- 
menta. This ultraviolet divergence in the vertex function can be removed 
by renormalization, i.e. by subtracting A,,(m,m) which contains exactly 
the same divergent logarithm In(y/A(q = 0)). 

However, the subtraction creates a new problem. The electron mo- 
menta in the subtraction term are on the mass shell (p? = m? and 
p3 = m?), and the integral for the subtraction term in this case becomes 
logarithmically divergent at small photon momenta k. Indeed, for real 
electrons the denominator vf the integrand in (4.83) at small k? has the 
form 


[m? — (po —- k)?| [m? — (py — k)?] k? ~ (2pak)(2prk) k?. 


High power of k in the denominator immediately generates a logarithmic 
divergence f d*k/k* at small k. 

We have already encountered infrared divergence in Section 2.9, when 
we considered bremsstrahlung (see (2.148)) 


ee 
Ww 


As mentioned there, the infrared divergence is the result of incorrect treat- 
ment of the scattering problem. Indeed, for sufficiently small w the ex- 
pansion parameter is not small, and the perturbation theory cannot be 
applied. On the other hand, the problem is unphysical in the following 
sense: in any experiment, as soon as a charged particle is born, photons 
are also created. There is no way to create a charged particle without 
accompanying photons, since the particle always emits soft photons un- 
der the influence of an arbitrary small perturbation (and the smaller the 
photon frequency, the larger their number). How can one overcome this 
difficulty? We could assume that the initial state consists of an electron 
and a large number of photons, i.e. 


However, such an approach would suffer from a certain ambiguity. The 
bulk matter is always neutral (atoms are neutral), and the number of 


4.7 Radiative corrections to electron scattering 219 


photons in the initial state would depend on how the charged particle 
was produced. 


Thus, the only consistent way to treat the problem is to start with 
neutral matter and to take into account the real production process of 
charged particles, for example 


atom 


p 


From the physical considerations above it is clear that the probability 
to create an electron without accompanying photons is zero. However, a 
perturbative calculation of the cross section of, for instance, the process 


e) 


generates infinitely large corrections. 

In fact, we also have to consider processes with production of many pho- 
tons. Suppose, for instance, that two non-relativistic particles of opposite 
charges e and —e and energies ~ € are produced with relative velocity v. 
Then the cross section of a process in which n accompanying photons are 
emitted has the structure 


il n 
nv — (Soin < ) exp] 20? ln <\ 
ni \a Ww T Ww 


We see that the probability of emission of any fixed number of photons 
tends to zero with w — 0. Summation over all possible emissions leads, 
however, to a constant cross section, 


y oO, = const. 
Tt 


To discuss the probability of emitting exactly n very soft. photons would 
be meaningful only if we had the experimental means to detect photons 


g 
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with fantastically small frequencies. Experimentally the parameter a/m ~ 
1/500 is very small, hence, the infrared logarithm becomes large (and 
the respective radiative effects measurable) only at academically small 
frequencies. A 

In practice, a different approach to scattering processes is used. Real 
photon detectors always have a finite detection threshold wmin, which is 
determined by the details of the experimental facility, by the sensitivity 
of the instruments, etc. The photons with frequencies w < Wymin always 
escape undetected. Then the experimentally measured cross section is 
the sum = 

do = do, +doy, 


of the elastic cross section do;, and of the cross section do. that sums 
all inelastic processes with the emission of real photons with frequencies 
smaller than Win, for example, 


| | 
I | 
I | 
U 

: + : 
i | 
I 1 
t i 


In order to calculate such an experimentally measured cross section it 
is convenient to introduce temporarily a small photon mass 4. Then the 
free photon Green function is proportional to 


1 


[2 ye 
and calculating the vertex part A, 


Sa 


t 
I 
| 
| 
1g 
! 
| 
! 


at small momenta transfer |g?|/m? < 1, we obtain 


Cc a m7 3 q@ ray 
XG = Wa hn at va ;| ae ai / ead a (4.89) 
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The first term in (4.89) was calculated by Feynman [4], the second by 
Schwinger [3]. The latter term is just the anomalous magnetic moment 
a/27 of the electron. 


Now we can calculate the experimentally measured cross section for the 
massive photon. The result turns out to be independent of the auxiliary 
photon mass ) if this mass is smaller than the threshold of sensitivity of 
our detector, A < Win: 


do = do, +doy(w <Wmin) o« In m 4+In = ii 
x Wrmin Wmin 


The physical answer depends on the experimental energy resolution, and 
this solves the problem of infrared divergence. 


4.8 The Dirac equation in an external field 


We have calculated the first order corrections to scattering of electrons 
by an external field: 


e 


In certain situations it is necessary to include many higher order cor- 
rections. For example, for electron scattering off a nucleus with a large 
atomic number Z the role of the expansion parameter is played not by a 
but by Za, and Za may be large for a heavy nucleus. Fortunately, the 
situation is somewhat simplified by the fact that all particles with large 
Z have large masses M >> me, and in the leading approximation we can 
neglect recoil corrections of order m/M. 


We consider the interaction of a heavy charged particle with an electron 
and try to find all corrections in Za, neglecting recoil. Interaction of a 
light and a heavy particle (shown by the double line) is described by the 
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diagrams 


Ze 
e e \ e e€ 
Fee ie eae SS fe 
* x 
a 
at 
{ I ne \ 
I 1 Z h! 
Ze Ze Ze Ze 
= e e e e 
St | ae ——— 1a ae 
€ { e 1 \ 
I 1 
+ ! ae ! =f etc. 
; Ze : Ze Ze | ze Ze 
Ze ae 
é ro 
We start with the three pure exchange graphs: 
21 x 2 21 a’ x" Z2 %1 z’ a” x2 
I A i} | ‘ Ei i a a 
I ; ! ! N 
a 4 a va 4 » x 
! ! 1 ~. ra ‘ 
| 1 i Z X 
yi y yn oy y’ y" yo oy y’ y” y2 


Let us see what happens with these diagrams when the lower line describes 
propagation of a heavy particle. The momentum of a heavy particle is 
small compared to its mass, p? < M7?, and the free Green function of a 
heavy particle with spin 5 (2.56), 


d‘p M+p 
G(y) = | —e > — : 

(y) / (Qn) 3 =M2—p2—i6’ Gel) 
may be simplified.** For the heavy particle we write po as 


po=Mr+e, 
*“ Unlike (2.56) we use ié instead of ie here to describe how the poles are shifted from 


the real axis, because ¢ is reserved as a standard notation for the binding energy in 
a bound state problem. 
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where € < M plays the réle of the kinetic energy. Then 


p? 
M? — p? = M? — (Mf We)? + p? = -2Mfe 4 p? ~ 2M (F-). 


2M 
and 
ei | ded*p eM)" (M(1 + yo) + eyo — p-ePY 
(2m)*4 —2Me — i6 + p? 


ae 
= Sar 07) [abee o-iPar py eat) +B aap P 7 (4.91) 
Bie, 


This is a natural result which simply means that up to corrections of the 
order of p?/M? the heavy particle propagates forward only in time T = yo 
and stays practically at rest. Then in the diagram 


Ly 4 L2 


Yi y Y2 
the heavy-particle line with an attached exchange photon is described by 
the expression 


Ze | G(y2 —vinGy - 1) D(a - way 


1+ 
= iZe6(y2 = y1) Pat aman = 
(4.92) 
x [aretomo-tr-a Dg — y)0(72 — T)0(7 — 71) 
Tr. + x 
= 6(y2 — y1)gu0e M2 -™) [u(x — y1)] ——, 
where = 
“u= -ize | dr D(t — 7,x — y1)0(72 — 71). (4.93) 
46 


In the derivation of (4.92) we used the trivial identities 


l+%, 1+7% _1+7!-%_ 
ae ee 
1+ 6 82% 12 ® 
a 0 


= 0, 
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so that 


D0. Leone 

li: ee ae 

Let us calculate the integral (4.93) at 7, > —oo and T2 — +00. Using 
the explicit form of the photon propagator 


(4.94) 


dk e—tko(t—7) +ik-(x—-y1) 
Dt-74-9)= | og ee 


\ 


4 —iko(t—r)+tk-(x—y1) 
u=-iZe [ dr f ak an ee 


we obtain 


(27) 4i — k? 
d+k e—tkot+ik: (x— Be 
= 2 
a} on ae 
akne no) Ze 


= Fes) 
a (27)3i —k? An|x — y1| 


This is the usual Coulomb potential created by the charge Ze: 


Ze 


eo 4.95 
Anr|x — y| ees) 


We see that the expression for the lower part of the diagram with 
the one-photon exchange in (4.92) is just a product of the free heavy 
particle Green function (4.91) and the Coulomb potential (4.95). Only 
the Coulomb potential u in (4.92) contains the coordinate of the electron. 
Hence, the graph with one-photon exchange may be represented as a 
disconnected diagram, corresponding to two independent processes 


—U 90 


xt 


The double line describes free propagation of the heavy particle (4.91) 
while the upper line, with an attached cross marking the Coulomb poten- 
tial (in the limit 7; — —oo, T2 — oo) describes the scattering amplitude 
of an electron in an external field created by the heavy particle with 
charge Ze: 


pas G(r — 2) [—iqoe u(z, y)] G(x a £1). 
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Let us now turn to the ladder two-photon exchange: 


Ly g! 7” x2 
a a oe — a ee 


| 
t 
I 
| 
if 
I 


Yi y’ y" ye 
The double line with the attached photons now corresponds to the ex- 
pression 


/ G(y2—y") iypZe Gy" —-y') i~vZe G(y' —y1) D(a" —y') D(a" —y")dty'dty" 
= i940 Ze =i % iguo Ze 6(y2 — y1) e Men) 
x farar"De —7',x’ —y1) Dit" —17",x" — yi), 
where the times (tT = yg) on the heavy-particle line are ordered according 
to 7, < 1’ < 7” < 79. The time integrals do ndt factorize only because 


the integration variables are ordered by these inequalities. Happily the 
crossed ladder diagram 


Ly H by Hb Hp) 
x / 
\ / 
N / 
\ / 
Ns 
ABS 
/ X 
Zé ‘\ 
He Ni: 


Yi 7] 7] Y2 
contains exactly the same analytic expression, but with the integration 
variables subject to the complementary restrictions 7; < 7” < 1’ < 7. 
Then the sum of these two diagrams produces an integral with no restric- 
tions on the interaction times 7’, 7”, and the integrals over r’, 7” factorize. 
Each of these factorized integrals gives the Coulomb potential, and the 
sum of the ladder and crossed ladder diagrams is proportional to 


xt «' aa, 22! x” x 
ae ae a oes 
| i eed 
: + Ue x G(y2—y1) [—u(x’—y1)] [-u(x"—y1)]. 


U1 Y2 Yi Y2 
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Hence, the scattering amplitude with two-photon exchange is again a 
product of two factors, and may be represented as a disconnected diagram 


Y1 \ Y2 
The lower line describes, as before, free motion of the heavy particle, and 
the upper part describes an independent process of double scattering of 
the electron by the Coulomb source. 

Factorization into a free heavy particle propagation and an electron 
scattering in the external field is replicated in the sum of the diagrams 
with any fixed number of photon exchanges. This factorization simply 
means that the heavy particle neither experiences recoil, nor produces 
retardation. 

Thus the total amplitude for electron scattering by a heavy particle may 
be represented as a sum of the factorized contributions, which reduces to 
the product of the electron Green function in an external field G, and the 
free heavy particle propagator: 


LY t2 


LI Sip) e%| DQ Ly 22 
Se : ” le a. +4 ies 
Y1 Y2 Yi Y2 Yi Y2 
Y1 Y2 
= G(y2 — y1) Ge(a2, 21; y1). (4.96) 


Summing the diagrams for the electron Green function in the external 
field we immediately come to a graphical equation 


Ly : Hp) 


X41 v2 Z1 ‘ZG x2 
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where the bold line represents the electron Green function in the external 
Coulomb field. Analytically equation (4.97) reads 


Ge(x2, 21; y1) = G(x2 — 211) 


+ f dx Gla —2){-iewuls,y)IGe(aarsyi). 


This integral equation may be easily converted into a differential equation 
with the help of the Dirac equation (2.54) for the free electron Green 
function: 


(Huge —_ m| G(a) = i6(a). 


Acting on (4.98) with the operator ines —m, we get 


ee, 
Ge = m| Ge(£2, 21; y1) = 16(x2 =f) 


+ eyou(x2, y1) Ge(r2, 71; y1), 


Or 
g 


0 
(ine5 on = cot) Ge(xz2, 21; y1) = 16(z2 — 21). (4.99) 
Ly 


The Green function may be represented as (compare (2.58), (2.59)) 


> Ut 2) a1). ta Sh; 
G.(x2, 213; y1) = ‘ 
: — S05 U5 (x2) V;,* (21) . ay 


where {W,,} is a complete set of normalized solutions of the Dirac equation 
in the Coulomb field 


eo Ze? | 


So far, we have collected all corrections in Za generated by the diagrams 
with multiphoton exchanges. These corrections are effectively described 
by the diagrams 


———<—— ————- —*+—_*— 


etc. 
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which can be summed with the help of the electron Green function in the 
Coulomb field. 

There exist, however, other large contributions, for example self-energy 
corrections to the heavy line. In the first order in Z *¢2 we have 


ST ans 
1) ep 72 
= G(y2- 1) (-2* | dr'dr" Doo( tr” — r')) (4.101) 


71 


\ 
‘N 


1 27 St 
in the next order, (Z7e?)?, 


Sho, 5” See 


etc. 

As in the case of multiphoton exchanges between the heavy particle 
and the electron, summation of diagrams with a given number of photons 
attached in all possible orders effectively lifts restrictions on relative times 
and, as a result, integrations over the time coordinates of each self-energy 
insertion go independently of one another. Then the integrals again fae- 
torize and turn into products of a free Green function of the heavy particle 
and the integrals describing self-energy corrections. This happens for any 
number of self-energy insertions. 

For example, for two one-loop self-energy insertions we obtain 


1 ' 
OV 


=| 


72 ee 
G(y2 — y1) (-z7¢ / dr'dr" Doo(r” — r)) <7”. (4.102) 
Tl 
The factor 1/2! arises here because the number of topologically different 
diagrams is 2! times less than the number of photon permutations. For n 
one-loop self-energy insertions we similarly obtain 


.. T2 n | 
G(y2 — y1) (=z? | dr'dr" Doo(r" — 7") a <r Gi 
Ty i 


Then we can sum all these contributions: 


—Z%e2 ["? dr’dr" Doo(r"—1’) 
G(y2 — yi)e Ir Be i ge (4.104) 
Changing the integration variables 7 = 7” — 7', x = 7” +7’, and keeping 


only the leading contribution « (72 — 71) we obtain 


—(™2—71)Z2e? {3 dr Doo(r) 


G(yo — yi)e (4.105) 
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It is easy to see that in the limit t—7, — 00 the integral in the exponent 
is purely imaginary: 


[ve dtk e-tkort Bke-klt 
” Neco (Qr)4i k? — ie = [4 | 2|k|(27)3 © 
After time integration 
fore) : a 
dre~tklr — —_ 
I i 


we obtain 


Bee" ‘ — (7) = —iZ7e? a i6M (4.106) 
ii Qk2 (2m)8 . 
Hence, the exponent in the Green function of the heavy particle shifts 
after the inclusion of the self-energy corrections: 


Ge —11) « e HP), (4.107) 


Physically this means that the self-energy corregtions renormalize the 
heavy particle mass. (In our non-relativistic approximation the 6M is 
formally linearly divergent. ) 

Self-energy corrections to the heavy particle Green function may also 
contain a closed electron—positron loop 


~ Ze 


and the particles in the closed loops can themselves interact with the 
heavy particle 


— Ss i 


Summation of any number of these interactions results in the substitution 
of the electron Green functions in the external field for the free electron 
Green functions in the electron—positron loop. Then the heavy particle 
self-energy correction will include the photon Green function with this 
dressed electron—positron pair in the Coulomb field, 


De >> ~~ eae Se ape re a 


230 4 Radiative corrections. Renormalization 


instead of the free photon Green function 


This again changes only the heavy particle self-energy and does not affect 
propagation of the scattering electron. 


We conclude that even after including higher order corrections to heavy 
particle propagation all our mtegrals still factorize, and electron scattering 
off a heavy particle reduces effectively to two separate problems: electron 
scattering in the external field, and heavy particle mass renormalization. 


4.8.1 Electron in the field of a supercharged nucleus 


The energy spectrum of an electron in an external field is determined 
by the Dirac equation (4.100). To find the spectrum we look for the 
energy eigenstates in the form VU, = exp(—iE,t)V,(r), substitute them 
in (4.100), and multiply by yo. Then we arrive at the stationary Dirac 
equation for a particle in an external field' 


ry Yi, 2 
(-iew + myo — z=) U,=E,Vn, | (4.108) 


where @ = Yo. 


The Dirac equation has both discrete and continuous parts of the spec- 
trum. The energies £ > m, E < —m belong to the continuous spectrum, 
while for |E| < m the spectrum is discrete, and describes the bound 


'T Note the change of sign of the potential in comparison with (4.100). In the derivation 
of (4.100) we have ascribed the charges e and Ze to the light and heavy particle, 
respectively. This means that we implicitly assumed that both the electron and the 
heavy particle have charge of the same sign. In real life the electron is charged 
negatively and the nucleus positively. This means that the Coulomb potential enters 
(4.100) with the opposite sign. Below we will always write the Coulomb potential 
in the Dirac equation with the sign corresponding to attraction, that is, opposite to 
that in (4.100). 
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states. 


continuous spectrum 
m 


bound states 


0 


—m 
continuous spectrum 


According to the Dirac equation, the energy E of the lowest bound state 


in the Coulomb field is 
E 
ee ot 
1 — (aZ) (4.109) 


For the binding energy e (FE = m+.) we then have 


= = ¥/1— (02)? =1. 


The energy of the ground state decreases with Z 


Vill 


and becomes zero at Z = 137. The Dirac equation with the Coulomb po- 
tential has no sensible ground state solution for Z > 137, since the energy 
becomes imaginary. This is a special property of the purely Coulomb 
potential. (It can be understood if we represent the Dirac equation in 
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the form of the equivalent second-order Schrédinger equation for the two- 
component wave function. This Schrédinger equation contains an effective 
potential « 1/r? which leads to the fall of the particle onto the centre for 
Le ST) 


A real nucleus, however, has a finite size, and the potential at small dis- 
tances differs from a purely Coulomb potential. Then the Dirac equation 
has real eigenvalues even for nuclei with Z beyond 137, and we can con- 
sider such nuclei without encountering the problem of imaginary energies. 
For Z > 137 the ground state energy level sinks below zero 


This means that the atom becomes lighter than the nucleus 
Ms, = Mz+mte < Mz. 


As long as F > —m, the nucleus remains stable since its mass is smaller 
than the sum of the masses of the atom and the positron 


Mz — (Ma+me,) = —2m,. —€ < 0. 


Increasing Z further, we reach a value Z,, for which the binding energy 
becomes equal to —2m,_ (EF = —m,). At Z = Z., the decay of a nucleus 
into an ‘atom’ and a positron becomes energetically allowed (see Fig. 4.8) 
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Fig. 4.8 


and the process 
Z — (Ze) + et 


should take place. Hence. for Z greater than critical, Z > Z,,, the nucleus 
is an unstable system while the ‘atom’ (ion with a sub-critical charge Z—1) 
is stable. a 

One can easily understand the decay of a supercharged nucleus in terms 
of Green functions. The Green function for a heavy particle is propor- 
tional to the exponential of the self-energy correction (4.107) 

Gz lum— 11) ~ ee EI, Poatriar). 

As we have seen, the free photon Green function generates a purely imag- 
inary integral in the exponent. However, taking account of the radia- 
tively corrected photon propagator which includes a contribution of the 
electron—positron pair in the external Coulomb field 


a a a is EE 


the integral in the exponent at Z > Z,, acquires a real part, 1(6M + 17). 
This additional real part corresponds to the creation of a real electron— 
positron pair in the field of the nucleus. As a result, the heavy particle 
Green function decays with time 


Gy x eer, 


This damping reflects the decay of the heavy charged particle into an 


‘atom’ and a positron. 
The atom in the case of the supercharged nucleus remains stable, but 


becomes essentially a multiparticle system. In fact, any solution of the 
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Dirac equation at EF < —m belongs to the continuous spectrum and, 
hence, does not decrease at spatial infinity. Nevertheless, the localized 
atom exists. This can be explained in the following way. The single 
electron state is not localized but undergoes permanent transmutations 
described not only by the graphs a 


oe 
\ 


which, as we have seen, are relevant in the case of the weak coupling, but 
also by the so-called Z-graphs of the type 


The electron in the supercharged atom does not preserve its indentity, it 
is delocalized and is continuously replaced, but these processes go in such 
a way that the charge remains localized. Clearly, such a system cannot 
be described in a single-particle framework. 

Realistic estimates of the critical charge Z,, give 


Lip ee AOE 


In principle, such charges could be created experimentally in collisions of 
two heavy ions when two nuclei come very close to each other. (For a 
more detailed description of the behaviour of electrons in critical fields 
see, e.g., Popov and Zeldovich [5], Migdal {6]). 


4.9 Radiative corrections to the energy levels of hydrogen-like 
atoms. The Lamb shift 


The case of high nuclear charge Z considered in the previous section is 
not the only situation when it is not sufficient to consider contributions 
of only a few lowest order diagrams. One should not forget that the 
diagrams are functions of the kinematical variables (energy, momentum 
transfer), and in certain kinematical regions these functions may become 
large, and compensate suppression provided by high powers of a. 


4.9 The Lamb shift 235 


Consider again electron scattering off a heavy particle 


Ze* Ge ee 
a ee ee ee i tna. 
ie P2 Pl i P2 Pi 1 | D2 
+ 9 + ae eel 


The second diagram is just the leading order contribution to the Coulomb 
scattering, and contains the factor Ze?/q? with g the momentum transfer. 
The third diagram is described by the integral 


Pq mt+hit+h 1 
qe m? — (pi + qi)? (q—m1)? 


Let us estimate this two-photon integral for a non-relativistic incoming 
electron. In this case 


(Ze*)? 


Pio =m+E£, 
and 
m? — (pi + q1)” = m? — (m+ E)? + (pi + qu)” # 2mE + (pi + qi)”. 
The integration volume for the non-relativistic integration momenta q; ~ 
pi. is of the order of f d3q, ~ pi, and the integral can be estimated as 
7 ytd 
~ (Ze*) ce 


The sum of the one- and two-photon exchange diagrams is then, symbol- 
ically, 
Ze? Ze*m 
ie a 
P| Pi 


The second term in the brackets, Ze?/v, may become large if electron 
velocity v = |p1|/m is sufficiently small. 

Hence, dealing with non-relativistic electrons with momenta of the or- 
der of p; ~ mZe?, we have to consider diagrams with any number of 
photon exchanges on the same footing and sum them exactly (even for 
Z ~ 1). As we already know, all orders in Ze’ are embodied into the 
electron Green function in the external field, which satisfies the graphical 


equation (4.97) 
ee 


equivalent to the Dirac equation. By construction, solutions of this equa- 
tion are exact in the small parameter Ze?. 
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Consider now even smaller corrections of the order (Ze)"e? to elec- 
tron propagation. These corrections are generated by the processes with 
emission and absorption of additional photons by the electron, and by the 
processes with additional closed electron loops, like 


| | 

| | 

| ! 

©) ” and | 

“ b \ 
ff y | | 


i ' \ : 2 een 


Let us see how these diagrams change the equation (4.97) for the Green 
function in external field. 
First, the external potential is modified due to vacuum polarization 


Ze? 
Ug) —U@[1+m@)], U@=—, (4.110) 


where II°(q’) is the photon polarization operator in the external field (i.e. 
constructed from the electron Green functions in the external field). 

Second, a new term, electron self-energy in the external field (i.e. with 
the virtual electron line described by the external field electron Green 
function) arises in the equation due to photon emission and absorption 
by the electron. Hence, equation (4.97) for the electron Green function 
acquires the form 


U(q) 
= ————— + ——_*———_ + 


4p 7 


O 


Let us see how the new terms in this equation affect the energy levels of 
the electron in light atoms with small Z, in particular in the hydrogen 
atom with Z = 1. The binding energy in light atoms 


a, 2 Za*m 
Po 2m a 


<m 


is small, and the bound electron is non-relativistic. 
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For the non-relativistic electron the self-energy correction in the exter- 
nal field simplifies. If spanning photons are sufficiently hard,!t we can 
treat the electron in the intermediate state as essentially free, since the 
energy po — ko —m of this virtual electron is large compared to the binding 
energy. Hence. for light atoms we can expand the electron self-energy in 
the external field in the number of exchanged photons 


and ignore electron binding in the intermediate states. We see that for a 
sufficiently hard spanning photon the self-energy correction in the external 
field reduces to the one-loop self-energy and one-loop vertex of the free 
electron which we have already calculated. 

Similarly. for light atoms we can ignore electron binding in the polar- 
ization loop as well 


’ 


since the main contribution to the polarization integral comes from virtual 
electrons with high energies. 
Let us estimate the relative magnitude of the polarization correction in 
comparison with the Coulomb potential U. According to (4.76) 
Sy eee 


Ie U : 
_yew-% & A 4.111 
U y 15m m2 ae ( ) 


because |q?| ~ |p|? and for the bound electron |p| ~ mZa. 
We now turn to the correction generated by the vertex function 


As we have seen before in (4.89), the vertex part near the mass shell 
(p? ~ pa & m*) has the form 


2 tal a 
_|e@4 m_3 pi —m eee 4.112 
e, = ee (in 5 5) amo: i Ci He m 2) Yps ( : ) 


tt The contribution of soft spanning photons will be considered separately below. 
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where we have omitted the anomalous magnetic moment contribution and 
added two contributions which arise because the bound atomic electron 
is slightly off mass shell. These are the first terms in the expansion of A, 
in powers of (p; — m) and (p2 —m). In a light atom these corrections can 
be estimated as a(pp — m)/m ~ aq?/2m? ~ a(Za)?. 

Consider, finally, the correction induced by the self-energy operator 


Near the mass shell p ~ m we have (see (4.18)) 


en. 
Sep ae 
TTL 


To find the relative magnitude of the self-energy correction we compare 
it, as before, with the Coulomb potential contribution and derive the 
estimate 

uu > a(p ~m)?/m p—m 4 

Se, 28) SS ae 
(U) p-m p—m m m? 


This contribution is of the same order as all other corrections (4.111) and 
(4.112). It cancels, however, with the last two terms of Af in (4.7) due to 
the Ward identity 
0G 
1§ =— 
(P,P) Op 


As a result, total correction to the energy levels of relative order a(Za)? 
is generated by the sum of the contributions of the first term in A’ (4.112) 
and of the vacuum polarization contribution given in (4.111). The respec- 
tive effective potential has the form 


(4.113) 


The correction induced by the radiative effects is momentum independent, 
and corresponds therefore to a contact 6-functional potential in coordinate 
representation: 
P 4 Za? 7 sae 
u(r) = —6(r)-—> hn a | 


ny -i- 5 (4.114) 
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So the radiatively corrected equation for the electron Green function in 
the external field is 


pe 2 
inne SAA (zs et un) G. = 16(z), 


Aur 


and the equation for the stationary wave function has the form 


VA 2 
- 3m 


Correction to the energy levels is given, as usual, simply by the matrix 
element of the perturbation potential between the unperturbed wave func- 
tions. To calculate this correction we will use non-relativistic Schrodinger 
wave functions of the hydrogen-like atom, since relativistic corrections to 
these functions contain higher powers of (Za)* and are small for Z ~ 1. 
The matrix element of the 6-like potential is proportional to |(0)|?, and 
we easily obtain 

2 
Anse = 5 or [nS - 3 - 5] Mal? (4.116) 
where n is the principal quantum number, j iS the total angular mo- 
mentum, and / the orbital angular momentum of the electron. In the 
non-relativistic approximation only the wave functions of the S-states 
(i.e. states with ¢ = 0) do not vanish in the origin. At r = 0 the value of 
the Schrédinger—Coulomb wave function squared is 


1 (aZm\3 
[Wne(0)|? = — (= ) ; (4.117) 
. 4a(Za)* Ss. 1 
a(Za)*m m 
Se 4.118 
or, in terms of the Bohr ground state energy Eg = a*m/2, 
go |. m se 1 
= ——,- |Im--=- 3 : 4.119 
Bens — an 58 | ix: ‘ oe: oe 


Due to this correction the 25) 2 energy level in one-electron atoms is 
shifted upwards with respect to the 2P,/2 level. This ‘Lamb shift’ was 
discovered experimentally by Lamb and Retherford [7] in 1947. 

The expression (4.119) for the Lamb shift depends on the unphysical 
photon mass \. It emerged in our description of electron scattering when 
we wanted to get rid of the infrared divergence at small photon frequen- 
cies. We have seen that creation of a charged particle is accompanied by 


240 4 Radiative corrections. Renormalization 


production of a large number of soft photons, and the auxiliary photon 
mass disappears from the final result if one properly takes into account 
this accompanying radiation. Now, however, we consider an atom which 
is a neutral system and, hence, there is no real photon emission. This 
means that there is no reason why any photon mass should enter the 
expression for the radiative shift of energy levels. 7 

What did we do wrong? Recall that the mass A arose because we 
replaced the Green function of the bound electron by the free Green func- 
tion. For very soft spanning photons this is obviously wrong. Such an 
approximation is valid for kj > Zam, but if ko is less than the binding 
energy, electron binding becomes essential. Fortunately, while emitting 
(and eventually absorbing) very soft photons with kg < m the electron re- 
mains non-relativistic, and the respective contribution may be calculated 
in the framework of non-relativistic quantum mechanics. 


k k 


of 
ko < Zam 


For light atoms aZ < 1, and the regions kg > Zam and kg < m overlap. 
Then we can match the contributions obtained in two different ways and 
express A’ in terms of parameters of the non-relativistic theory: 


where €9 is the average ionization potential for the atom (characterising 
typical binding energy). 

The smallness of the parameter Za is crucial for the validity of our 
calculations. In heavy atoms (Za ~ 1) the electron is relativistic, and 
the regions where different approximations work do not overlap. In such 
a case only numerical calculation of the Lamb shift is possible. 

To obtain a complete expression for the Lamb shift in light hydrogen- 
like atoms, in the final result one also has to restore the anomalous mag- 
netic moment contribution from (4.89). Then an additional term 3/8 
arises in the brackets in (4.119), and we finally obtain 


4 a(Za)*m 19 
AEns = — hn aah rd (4.120) 
Tv 1 
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Difficulties of quantum electrodynamics 


5.1 Renormalization and divergences 
We have considered the exact electron Green function G (4.13), 
i} 
SS 
mo — p+ X(p)’ 
the exact photon Green function Dy, (4.36), 
i} 
k2[1 — I(k?)]’ 
and the exact vertex part I’,, (4.39), and demonstrated that all observables 
may be calculated in terms of these three functions. 
As we discussed, the electron Green function G does not have a pole at 
p = mo, i.e. this "bare’ mass is only a formal parameter of the theory and 


is unobservable. Then we represented the electron Green function in the 
form (4.20), 


D= 


Z 


G(p) = m—p+=p) > Z2G“(p), 
where (see (4.19), (4.23)) 
z_(p) = “- me ? ated <7) 9 (p— my? 
1 
22 = 1—D(m)' 


We concluded from these equations that the electron Green function has 
a pole at # = m, with m the physical (or renormalized) mass. 
Similarly, we wrote the photon Green function as (4.38) 


23 


T= ge = AP 


D(k?) 
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where (4.37) 


2) _ 
ne) = Say 
1 
43 = TT)’ 


This means that the renormalized photon mass remains equal to zero. 
For the vertex part we obtained (4.43) 
Ty=2, Th, Ty(m,m) =. 
Moreover, we have shown in Section 4.5 that all graphs may be written in 
terms of the renormalized functions I, G° and D®, exactly in the same 
way as in terms of the bare (unrenormalized) functions T,,, G and D, if 
one substitutes the renormalized charge (4.48) 


e? = Ze” 


for the bare charge e (in this expression for the renormalized charge we 
used the Ward identity, Z; = Z2). Thus, the amplitudes may be writ- 
ten exclusively in terms of physically observable renormalized charge and 
mass. 

Can we calculate physical charge e, and mass m in terms of the bare 
ones? The answer is no, since the respective integrals turn out to be 
divergent. Since we were forced to introduce the renormalized functions 
G°, D® and T° anyway, the whole scheme of quantum electrodynamics 
would make sense if we could prove that these functions depend neither 
on the bare mass, nor on the bare charge. To this end we need to find 
such equations for T°, /°, Il° which include only renormalized mass and 
charge and not the bare ones. Then all observables would depend only on 
the physical charge and mass, and the renormalization procedure would 
make sense. 


5.1.1 Divergences of Feynman diagrams 


Let us first consider what divergences exist in quantum electrodynamics 
and what is their origin. It is easy to see that there are three types of 
divergences in our theory: 


(1) ultraviolet divergences which arise when the integrals diverge at 
large integration momenta k — oo, 


(2) infrared divergences which are due to singularities of the integrands 
at small integration momenta k — 0, 
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(3) possible poles and other singularities of the amplitudes which de- 
pend on external momenta. 


We discussed the physical meaning of infrared divergences in Sections 2.9 
and 4.7, and came to the conclusion that they are absent if the problems 
in QED are properly formulated. As to divergences of the third type, it is 
clear that the amplitudes may be singular for certain values of the external 
momenta, for example, when momentum k of a certain propagator in the 
diagram turns out to be on the mass shell k2 = m?. We can prove, 
however, that these singularities are absent if all external momenta are 
space-like and satisfy the triangle inequality. This is because in such a 
situation the contours of integration in the Feynman integrals may be 
rotated as shown in Fig. 5.1, so that all integration momenta become 
Euclidean: 


Fig. 5.1 


The physical scattering amplitudes with time-like external momenta may 
be obtained from the amplitudes with Euclidean external momenta by 
analytic continuation. All singularities of the amplitudes as functions 
of the external momenta arise after this continuation. They are physi- 
cally meaningful, connected with the unitarity condition (see discussion 
in Chapter 3), and we will not discuss them here. 

Still, there remains the problem of the ultraviolet divergences, which 
survive even when the integration momenta are Euclidean. 


Consider an arbitrary skeleton diagram 


244 5 Difficulties of quantum electrodynamics 


Due to current conservation it has an even number of external electron 
lines. Let F. and Fy be the number of internal electron and photon 
lines, and N. and N, the number of external electron and photon lines, 
respectively. The amplitude that corresponds to our diagram is given by 
the integral 


d*k,...d+k, 


a Se A ee ee a ra i areas (5.1) 
i RRB... RB, (kiny i — m) (hyo — m)--. (kya, — ™) 

where £ is the number of independent internal integration momenta. Let 
us calculate 2. Consider a diagram with n vertices. Three lines meet at 
each of them and due to momentum conservation we have one condition 
k, +k; = ke for the three momenta at each vertex: 


In fact, the number of conditions is n — 1 rather than n, since one of the 
conditions corresponds to the conservation of the total four-momentum 
and does not restrict the internal momenta. Hence, the number of inde- 
pendent internal momenta is 


The integral (5.1) diverges if the overall power of the differentials is larger 
than or equal to the power of the denominator. This means that the 
integral is convergent only if 


4¢—2F,— F, = 3F,+2F,—4n+4<0. (5.2) 
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We now show that this difference is independent of the number of internal 
lines (F, and FY) and depends only on the number of external lines or, in 


other words, on the physical process itself. Consider first a closed internal 
electron line (see Fig. 5.2). 


Fig. 5.2 


For such a closed electron line the number of vertices n is equal to the 
number of segments of the electron line between the vertices 


qe F.. 
d 5 
An open electron line with n vertices on it contains n—1 intervals between 
the vertices plus two external lines. Hence, for an arbitrary diagram with 
n vertices we have N 


n= fees 


Each internal photon line connects two vertices, and each external photon 
line ends at a vertex. Hence, 


Thus, the number of external lines and vertices determines the number of 
internal lines: 
ce Ne K= i Ny 
ee eg ee 


Then the condition for convergence of the integral for the amplitude 
becomes 


3 
K = 8F. + 2F,—4n+4=-SNe—Ny+4<0, (5.3) 


and convergence depends only on the number of external lines. We see 
that the graphs describing complicated processes with a large number of 
external lines are convergent. Hence, to learn everything about ultraviolet 


246 5 Difficulties of quantum electrodynamics 


divergences it suffices to list and study the diagrams with a small number 
of external lines. 

Let us consider the simplest graphs. 
(1) Electron self-energy, 


Y7— Ne = 2, Ny =0, K=1. 


As we have already seen, formally the electron self-energy is linearly di- 
vergent, but in fact it diverges only logarithmically. 
(2) The polarization operator 


Gy Ne=0, Ny=2, ae 


The photon polarization operator formally diverges quadratically, but due 
to gauge invariance it diverges only logarithmically (see Chapter 4). 
(3) The vertex part 


Ne = 2 Ny = 1, C=0; 
The vertex part diverges logarithmically. 
(4) The three-photon diagram 


Nex; Ny = 3, K=t1. 


r 


Diagrams of this type are formally linearly divergent. However, we will 
see that such diagrams vanish due to charge conjugation invariance. 
(5) Compton effect 


The diagram is convergent. 
(6) Fermion-fermion scattering 
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The diagram is convergent. 
(7) Light by light scattering 


Ne =0, Ny =4, K=0. 


Formally the diagram looks logarithmically divergent, but due to gauge 
invariance it actually converges. 

Let us prove the Furry theorem, which states that the three-photon 
vertex (as well as any other graph with an odd number of external photons 
only). is zero 


We know that quantum electrodynamics is charge conjugation invariant. 
As we have seen, charge conjugation changes the sign of the photon wave 
function: e, — —e,, therefore an amplitude with an odd number of 
photons also changes sign. The only difference between the Feynman 
diagrams with external photons before and after charge conjugation is 
that the directions of the internal fermion lines change. But how can the 
amplitude know whether there is a particle or an antiparticle inside? Such 
a substitution cannot change the amplitude and, hence, the amplitude has 
to vanish identically. Let us illustrate this by the example of the simplest 
process: 


Under charge conjugation the first diagram changes sign and turns into 
the second diagram, which means that their sum is identically zero. 
Now consider light by light scattering 


ky ko 


= Mui popysps (ki, ke, ks, ka). a (5.4) 


ka kg 
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Due to current conservation we have for any external photon momentum 
kt” My,pousus = 9. (5.5) 
But the diagram 
ky ko 


ka k3 


is logarithmically divergent at large integration momenta p. Since in the 
divergent part of the diagram the external momenta k; in the denomina- 
tors can be ignored, it turns out to be independent of k;. As a result, the 
divergent part of the amplitude (5.4) does not satisfy the current conserva- 
tion condition (5.5) because it is impossible to get zero after multiplying 
an amplitude, which does not depend on k, by k,. According to the 
Feynman rules, we have to sum three diagrams 


lavate. 


To make each of the integrals well defined, we can use any ultraviolet 
regularization that preserves current conservation. Then the sum of the 
integrals satisfies the condition (5.5) automatically and stays finite when 
we remove the regularization. 

Hence, we are left with only three divergent diagrams in quantum elec- 
trodynamics: the electron self-energy, the photon polarization operator 
and the vertex part 
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5.1.2 Renormalization 


Let us see how renormalization removes all three divergences in electro- 
dynamics. We assume temporarily that 


G=Go, D= Dp, 


and try to construct an equation for the vertex part. By definition, 


This is, in fact, an equation for T’,. Indeed, (5.6) may be represented as 
a relationship for the skeleton diagrams 


per 


Iterating (5.7), we obtain (5.6). It is important to realise that (5.7) does 
not contain ladder diagrams of the type 
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because the vertex part in the circle is already included in the graph 


and the diagram with crossed photon lines 


diverge differently. 


(1) Consider first the one-loop diagram 


The ladder diagram 


1 
Pi ki Po 


It diverges logarithmically and the divergence arises at internal momenta 
k, which are much larger than the external momenta kj > pj, p2,m. 


(2) Now consider the two-loop ladder diagram. This diagram contains 
different important integration regions. 
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— k, — ko po — ky — ke 
Dr — ky p2 — ky 


P2 
(a) If momentum kz is fixed, this diagram is convergent. For ki >> ko 


we have 
A d*k, 1 
k2 kg kj 


and integration over k2 in this region produces a logarithm of the 
only momentum relevant for the process 


ka q. 


(b) If, on the contrary, kp >> k, (where ky is o=), integration over ko 
gives a divergent integral 
A d3 ko A2 
ky om ¥ ae 
Then integration over k; leads to a double logarithm contribution 


fe d4 ky A2 at A2 
P 


Sy a ee 
ki ke p 


The divergence is now more severe than in the one-loop case 


and this is quite reasonable since in this integration region the two- 
loop ladder vertex contains a divergent one-loop subdiagram, and 
the last integration reduces to the same divergent integral, as in the 
one-loop case. 


(3) Consider the two-loop diagram with crossed photon lines 


q 
pi — ki — ka S po — ki — ka 
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Now the integral converges both in the case where the integration goes 
over kg at a fixed value of ky (kg >> k,) and if it goes over ky with k2 fixed 
(k, >> kg). The integral diverges only if k; ~ ke, and this integration 
region leads to a logarithmic divergence 


dk # 
ee ae 


Repeating these considerations for more complicated diagrams, we can 
check that all terms in the skeleton expansion (5.7) diverge only logarith- 
mically. As we have seen, the logarithmic divergences of the lowest order 
diagrams may be eliminated with the help of one subtraction. Hence, 
the subtraction procedure (renormalization) leads to a finite result, and 
it is possible to write such an equation for the vertex part which does not 
contain divergences at all. 

Let us construct this finite equation for the vertex part. The total 
vertex part may be written as in (4.40) 


V',(p1,p2, 9) = Yu + Apu(P1,p2, 9); (5.8) 
and according to (4.41) on the mass shell 
Au(m,m, 0) = y,A(m, m, 0). (5.9) 
Then the vertex part may be represented as 
D',(p1,p2, 9) = Y(1 + A(m, m,0)) + Ay (pi, p2,q) — Ap(m,m,0). (5.10) 
In terms of the skeleton expansion, equation (5.10) has the form 


T',,(p1, po, q) = Yu(1 ss A(m, mM, 0)) 


(5.11) 


\ / \ 
Pi P2 m m 
The vertex part T',, in (5.11) is present both on the left- and right-hand 
sides, so it is an integral equation for the vertex part (5.11). In terms 
of the renormalized vertex I, equation (5.11) has the form (To =TyZ1, 
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Z,* =1+A(m,m,0), see (4.43), (4.42)) 


where we used eI’, = e,I¢. The renormalization constant Z,* in the top 
vertices in all graphs in (5.11) is just a common factor which we cancelled 
in (5.12), while the renormalization constants in all other vertices are 
swallowed by the renormalized charge: Z, te + e,. As a result, all terms 
in (5.12) are ultraviolet finite because in each order of perturbation theory 
only the finite differences of divergent integrals of the type 


T'(pi —k, p2—k, q) I'(m—k,m—k, 0) 


I'(p1,p1 —k, k) P'(m—k,m, k) 


-T(m,m—k, k 
I'(po—k, pa, k) ( 


Pi P2 m m 


enter the right-hand side of this equation. Note that these differences go 
to zero when the integration momentum goes to infinity, k — oo, because 


T'(a, b,c) — T(6,c) Stee Dic >a: 


This we can prove with the help of the integral equation itself, or obtain 
directly from the perturbation theory graphs. This remarkable property 
of the vertices [ means that at high external momenta they do not depend 
on the smallest momentum, and this guarantees that ultraviolet finiteness 
reproduces itself in higher order graphs. 

We still have to obtain a finite equation for the vertex part in the real 
case with radiative corrections to the electron and photon Green functions 
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taken into account. Instead of (5.11) we now have 


/ 


(5.13) 


Repeating step by step transformations which lead from (5.11) to (5.12) 


we obtain 
q 0 
r= lal = Fees (5.14) 


The renormalization constants Z;' in the top vertices cancel as above, 
while factors Z| 1 again arise in all other vertices. Besides, due to G = 
Z2G° and D = Z3D° (see (4.20), (4.38)) we have an extra factor Z2/Z3 
in each vertex. All these factors combine in the correct expression for the 
renormalized charge (4.48) in each vertex 


ee = eZ; 'Zo/Z3 


and, since Z; = Zo, 
e? = Z3e?. 


Thus, we have obtained an integral equation for the vertex Iv, which 
contains only the renormalized charge e, and the renormalized electron 
and photon Green functions G° and D°. 

This integral equation would be finite if we had finite equations for the 
renormalized electron and photon Green functions. Let us derive such 


equations. It is easy to see that the electron Green function satisfies the 
equation 


La 
a | Coa GG ) 6 


= eae (5.15) 
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where the electron self-energy is 


Note that we have +, instead of the exact vertex part in the left vertex, 
since all processes start with a simple photon emission 


Yu 


and only after this do all other processes take place. Analytically the 
Schwinger—-Dyson equation for the electron self-energy has the form 
¥ : 


atk 
B60) = 2 | Fg GP- HT ye kp,k)DEM). (6.16) 
A similar equation may be obtained for the photon polarization operator: 
k—p 
or r, 
Ty (k ) = k k : 
p 


or, analytically, 
d3 
Tyo(R2) =~ Te f EES Cu COT v9 + hy.) G+ H)}. (6.17) 


These equations, unfortunately, are not much help in the proof of ultravi- 
olet finiteness of the renormalized vertex part since the integrals for 4(p) 
and II,,,(k?) are ultravioletly divergent. From the point of view of con- 
vergence, we are interested, however, not in the self-energy “(p) and the 
polarization operator II(k?) themselves, but in differences of the type 


¥(p) — &(m) — Z"(m)(p — m) 


which enter the expressions for the renormalized Green functions (see 
(4.19), (4.37)). 
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These two subtractions are just sufficient to eliminate all divergences. 
Let us see how this happens. Consider the derivative of the electron self- 
energy OX(p)/Op,. An arbitrary term in the expansion of the electron 
self-energy has the form 


ky k3 


ke 


p Doki p— kt — ha p—ks —? 
That is, there is one continuous electron line, and the external momentum 
may be chosen to flow only along this line. Then electron propagators 
depend on the external momentum via differences p — ki, p — ky — ko etc. 
The derivative of any electron propagator looks like 


0 1 7 i r 1 
Opum—p+k- m—ptk “m-—p+k 
Note that the derivative consists of two propagators and the matrix 7,, 
the latter being nothing but the photon vertex. This means that the 
differentiation attaches to the self-energy diagram an external vertex of 


emission of a photon with zero momentum. Graphically, after differenti- 
ation we obtain 


Yu Yu 
rep» 
=—— = + 
en Yu 
+4 + See $e 


(5.18) 
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Thus, we have obtained a linear equation for 0D /Op,,. It leads, for exam- 
ple, to the Ward identity (4.56) 


Od 
Vue as Op, a ln (p, p, 0) 


which may be easily derived from (5.18) if we simply add the tree vertex 
to both sides of this equation. Subtraction in (5.18) may be carried out 
exactly in the same way as for the vertex part. Indeed, 


aC (p) 
evo nnar= rs oe 


Introducing, as usual, the renormalized Green function G, according to 
G1 = Zy'Gz+ with Zy' = 1 — D’(m), and adding and subtracting 
&’(m) term by term (which is equivalent to the addition and subtraction 
of A(m,m)), we obtain 


This equation contains only the renormalized charge é¢, and its right-hand 
side is convergent. 

For OII(k*)/Ok, we can construct a similar linear equation and verify 
that it is also renormalizable. 

To summarize, we have shown that all observables can be expressed 
in terms of the renormalized, physical charges and masses and renormal- 
ized Green functions, and we never encounter any divergences. This was 
proved in perturbation theory, but, strictly speaking, we cannot be sure 
that it will remain valid outside the perturbative framework. 
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5.2 The zero charge problem in quantum electrodynamics 


We have constructed quantum electrodynamics in the following way. We 
started with the Green functions of the electron and the photon 


=G 


ae ea 
= Dy, 


and considered the simplest interaction 


oT 


In the case of the m-meson (a scalar charged particle) we also had to 


introduce 


There is no reason to consider more complicated interactions, since the 
respective theories would be non-renormalizable. 

The theory constructed in this way is in excellent agreement with ex- 
periment. However, it does not work at very small distances. This is 
connected with the,so-called zero charge problem which we will discuss 
now. 

We have seen that the graphs 


Oe 
A 


diverge in the region of large virtual momenta and in this region they 
are practically independent of the external momenta. For example, the 


5.2 The zero charge problem in QED 259 


vertex part 


d*k i i 1 
nites le gl 1 ee 1 Salle oe 
. Oe” as, eh mob ee bal) 


does not depend on p; and po, when pi,p2 < k. In the region of large 
k (i.e. small distances) the integral is divergent, and the theory makes 
no sense. In order to get rid of this problem, we have introduced a large 
cutoff parameter A. The contribution of the large integration momenta k 
close to A does not depend on the external momenta p;, po < A. Next, 
we considered ['\(m,m,0) and subtracted it from I'(p1, p2,k). The result 
of this subtraction is convergent. We do not know anything about the 
contribution of the large k region, but we have avoided the problem with 
the help of the renormalization constants, by hiding our ignorance in the 
renormalized charge e, = Z) 'Zo./Z3e. 

All these considerations are true, however, only at small external mo- 
menta: we have assumed that p;,po < A. What happens if we start to 
increase the external momenta, i.e. if p?/m? >> 1? (This problem was 
first raised by Gell-Mann and Low [8] and solved by Landau, Abrikosov 
and Khalatnikov [{9]). a. 

Let us consider the photon polarization operator 


ARC = Go) 


We have calculated the asymptotic behaviour of the polarization operator 
in (4.77) : 
1)(p2) ~ Gey, * 


Hence, the first terms of the perturbation theory expansion for the photon 
Green function at large momenta have the form 


aaa aed 


ecco Vial i Cie 
=—=s++5 —In—~|>3=~ =il+—h—-,]. 
"RR (« Bn me) Re ~ RE \S Be Ome 
ie. for large k? the series diverges and the perturbation theory does not 
work. Obviously, the term 


Jie 
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contains In? (k? /m?) and, generally speaking, more complicated graphs 
will grow even stronger with the growth of k?. (The main contribution to 
the vertex part in (5.19) comes exactly from photons with large virtual 
momenta k ~ A.) 
Let us consider the integral (5.19) in more detail. It contains factors of 
the type 
1 
—— x eae 
mi= Di +h 
The number of denominators increases as the diagrams become more com- 
plicated, and in the same way the power of the external momenta in the 
denominator grows. The integrand decreases with the growth of p, and 
the integrands for more complicated diagrams decrease faster. This de- 
crease will be significant, however, only for very large external momenta 
p~ A, since the main contribution to the integral comes from k ~ A. 
Consider the intermediate region m? < |p*| < A? for sufficiently 
large A. In this case (5.19) has a simple form 


A 4 iD 
AD we f oF ~ agin 
Pp 


pon 


since the main contribution to the integral (5.19) comes from the region 
p<k<A. Let us choose A so that 


A2 
ag In — 1, inspite of ag <1. (5.20) 


The vertex then has the following structure: 
A2 
Ss a Cam Of In™ = 
nam a | (5.21) 
1 Oo eee a Loa 
as 0 —_—_ os a n od eos 
p2 0 p? 0 p2 


Obviously, terms of the type af In” ‘y ~ 1 give the largest contribution, 


while terms of the type aj*t* In” A?/p? ~ ao play the réle of small correc- 
tions. Thus, we can write the expression for the vertex in the form 


2 


A We 
I asl (com =) + aofe (0104) + a6 fs+-- (5.22) 


To simplify the problem, we consider only the first term (this is called the 
leading logarithmic approximation). Let us determine I’, G and D in this 
approximation. 
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The total vertex part is then just the sum of the first skeleton dia- 


grams (5.13): 


The first simplification is due to the Ward identity Z,; = Z2 (see (4.51)) 
which makes the divergences connected with the vertex part and with 
the electron Green function cancel in the expression for the renormalized 
charge 


= 2 "Lae oe 


This means that we should be able to reformulate the theory in such a 
way that these divergences do not arise at all. This may be achieved by 
a proper choice of gauge (Landau [10]). In the Landau gauge the photon 
Green function is 


1 kk 
Diy = a (gu ~ “E5*). | (5.23) 
Let us show that I’,, in this gauge is ultraviolet finite. Consider 
d*k al pei 
ee 
je Onda ee a ( ) 
A d*k | ee | cia 
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The first term in the square brackets in the integrand contains the factor 
k;k;, and due to rotational symmetry the respective integral is propor- 
tional to the unit tensor (Kronecker symbol in Euclidean space). Then 
we can substitute in the integrand 


kik; 9ij k? 1 
oO 


and use 
VaVi Wu Vi = 4Yp- 
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We see that the main contributions to the integral cancel. It is straight- 
forward to show that in the next order of perturbation theory the leading 
term « (ag In Nad | p?)” also disappears. In the leading logarithmic approx- 
imation we ignore the subleading term a2 In A?/p?. Similar consideration 
applies also to the electron Green function G, and in the leading logarith- 
mic approximation at large external electron momentum we obtain 


Py =p (1 te O(€%)) ; 


' (5.24) 
G(p) = ~5 (1+ O(¢8)). 


Now we turn to II,,, in this approximation. Due to (5.24) the expression 
for II,,, simplifies: 


_ ; Ww Ls Yv Vp 
nell ) = ; . ~ oaG a 


G(p) 


We-can check by direct calculation of higher order graphs 


ESL ae 


that (5.25) is valid in the leading logarithmic approximation. The leading 
contributions induced by these graphs cancel each other. Hence, in the 
leading logarithmic approximation, calculation of the polarization opera- 
tor I,, reduces to calculation of the simplest diagram with bare vertices 
and electron Green functions. 

Let us now derive the subtracted polarization operator I,,,(k) —I, (0): 


ae of d*p i 1 1 
pv ( )—Tyw(0) = ~€8 f oe ay Yu ie aa nmap ae . 


Expand 1/m — p +k in powers of k: 


(5.26) 
m—-pm—-p m—p m—p m—p 


The first term in (5.26) cancels in the square brackets in the integrand. 
The second term vanishes after integration due to rotational symmetry: 


A 
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The third term in (5.26) gives just the logarithmic divergence, and we 
obtain 


d‘p ieee 1. 1 
II,7(k) — TI 0) =~ f oe = ysk=k=h. es 
tad iL 0 (27)4% 7h, p p D ( ) 


Due to the transverse structure of the polarization operator, it depends 
only on one scalar function 


Mie Nigel hake TG"), Tye BRUCK’). 


On the other hand, it is easy to calculate the trace of the integrand in 
(0.27): 


+ a 1 _ WP uP ee 
ar nn a pt p?’ 
and 
1 ~ fal dtp Tr{pkpk} 
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After simple transformations, we derive 


_d‘p 1 


2 
ican -54 (2)4i p*’ 


where the integration momentum is larger than the momentum of the 
external photon. Rotating the contour of integration ipp = po, we arrive 
at an integral over the four-dimensional Euclidean space 


4 - ip 1 
2 2 
=—-s> 7 ee Y 
II(k ) 30 k (27)4 p* (5 8) 
In spherical coordinates 
Q 
d'p=p'd ee =p dp’, 
and we finally obtain 


4e2 A? ag, A? 


2 ee ee in 
Ce aay | ae 


(5.29) 
Thus, in the leading logarithmic approximation the unrenormalized pho- 
ton Green function has the form 


a ee 1 = Ivy 5.30 
HS ‘k2 1—U(k2)— k? 4 1+ In k2 Ce) 
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Let us renormalize this expression. First we write for the scalar function d 


2 2 
= ao A ao A |k?| i 
= = =14+—Ihm-;- On 
ee eae pee 
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ao 1h a In el ( ) 
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and introduce the renormalization factor Z3 
¢ ; 
= as ao A 
Then the function d becomes 
1 : Be 
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We see that the cutoff parameter is now embodied into the overall renor- 
malization constant Z3 while in the denominator it is swallowed by the 
physical charge e,. The very fact that we have succeeded in eliminating 
the cutoff momentum A and arrived at the multiplicative dependence on 
Z3 reflects the renormalizability of electrodynamics. 
We also obtained a nice relationship between the renormalized and bare 
charges: 
Qo 
= sie In 45 


At first glance, this result looks ee the renormalized charge a, 
is less than the bare charge ag, Q@- < ag, as it should be due to vacuum 
polarization. However, if we go to the limit A — oo, we get 


37 
Peer 2e 


(5.34) 


Ong 


— 0, with A — oo, (5.35) 
nay 


i.e. any bare charge ao is screened completely (recall that we considered 
only the case ag < 0) if it is shrunk to a point. In other words, the 
physical charge is always zero, a, = 0. This could mean that our approach 
is wrong at short distances. On the other hand, if there exists such small 
scale where QED is not valid any more, we can calculate a, in terms of 
this scale and, vice versa, we can determine A from the value of a¢ (since 
we know a, ~ 1/137). From (5.35) we obtain 


or, numerically, 1/A ~ 10-*° cm 
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The concrete value of this small scale changes somewhat if one includes 
contributions of different sorts of particles to the vacuum polarization. If, 
for instance, there are v species of charged spin : particles, then we have 
instead of (5.34) 


= @9 
1 een AS 
and the value of A changes correspondingly. 
Assuming that QED is not valid at a scale of the order of the Planck 
length,” i.e. at 2p ~ 10~°3 cm, we come to the conclusion that the number 
of possible sorts of charged elementary particles is 


Qe (5.36) 


WN petece |e 


The theoretical situation for the photon Green function looks even 
worse than the problem of zero physical charge. For any value of the 
physical charge a, the photon Green function 


th 
. = a —k2 
l= fie 


acquires a pole at some large space-like momentum Ee < 0, and this 
implies the existence of a particle with an imaginary mass. In a sense, 
this is an artificial problem, since in our theory A = oo, and hence a, = 0. 
This means that actually there is no unphysical pole, but then there is 
no interaction either! 

This problem is not yet solved.! 


* The Planck length is €p = /G, where G is the Newton gravitational constant. 
tT V.N. Gribov left a draft of ‘QED at short distances’ which he was preparing as 
additional sections for this chapter. He was planning to discuss a possible solution 
of the Landau pole-zero charge problem in quantum electrodynamics or, taken more 
widely, in the Glashow—Weinberg -Salam theory which unifies electrodynamics and 
weak interactions. This solution came, if one may say so, as a by-product of his 20- 
year study of the problem of quark confinement in quantum chromodynamics (QCD) 
— the microscopic theory of ‘coloured’ quarks and gluons believed to be responsible 
for the structure of hadrons and their interactions. Gribov found [11] that when the 
coupling exceeds a critical value, 
a ie 
z >1 3° 
the theory changes drastically. The so-called supercritical binding of fermions takes 
place which leads to the appearance of bound states with negative total energy, so 
that the perturbative vacuum becomes unstable. A phenomenon similar to a phase 
transition in solid state physics occurs, and the dynamics of the theory becomes 
essentially different. 
In QCD the colour coupling between quarks and gluons, contrary to Ge.m., increases 
with distance and hits the critical value at ‘large distances’ of about 1 fermi = 
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Due to the smallness of the coupling constant a,, in quantum elec- 
trodynamics this difficulty arises at academically small distances, and is 
irrelevant for real physical problems. In non-asymptotically free theories 
of strong interactions we have g ~ 1 and face this problem immediately, 
as we are forced to introduce an ultraviolet cutoff parameter A ~ m. Here 
the problem becomes real and severe. 

Let us note that to arrive at the zero charge result, we have used the 
logarithmic approximation 

Ae 

egn—>~1, <1. 

Pp 
Strictly speaking, this means that within our approximation we are not al- 
lowed to take the limit A — co. However, according to Pomeranchuk [14] 
only the renormalized charge a, (5.34) enters higher order unaccounted 
for corrections. Since a. — 0 at A — oo, all corrections also vanish in 
this limit. This means that our conclusion about the interaction van- 
ishing in quantum electrodynamics does not depend on the condition 


eZ In (47) ~ 1. The only necessary hypothesis is 


e<i. 


Abandoning the latter condition would mean, however, that from the 
very beginning there was no perturbation theory and, therefore, quantum 
electrodynamics has not been formulated. 


10~'Sem. Gribov argued that the supercritical binding of light quarks results in 
the instability of colour states, that is, in the confinement of colour (see [12]). 

In the context of quantum electrodynamics, the supercritical binding phenomenon 
develops at extremely short distances, of the order of the Planck scale. 

On the one hand, it may be responsible for the appearance of the Higgs scalar boson, 
much wanted for the consistency of the electroweak GWS theory. Within this picture, 
Gribov predicted the mass of the composite Higgs boson to be slightly larger than 
that of the heaviest (‘top’) quark, my ~ 200 mproton [13]. 

On the other hand, the formal Landau pole problem in QED has been resolved: the 
coupling increases but remains finite at arbitrarily small distances. 

‘QED at short distances’ will be included in a collection of Gribov’s works on gauge 
theories ‘Gauge Theories and Quark Confinement’, Phasis Publishing house, Moscow, 
2001 (www.aha.ru/“phasis]. 
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ABOUT THIS BOOK 


This book provides an accessible introduction to quantum electrodynamics. 


Based on lectures on quantum electrodynamics given by the highly original and 
distinguished physicist V. N. Gribov, the aim of the book is to present the theory 
of quantum electrodynamics in the shortest and clearest way for applied use. A 
distinctive feature of Gribov's approach is the systematic use of the Green 
function method which allows a straightforward generalization to the cases of 
strong and weak interactions. The book starts with an introduction that uses the 
basics of quantum mechanics to introduce the reader gently into the world of 
propagation functions and particle interactions. The following chapter then 
focuses on spin 1/2 particles. The text goes on to discuss symmetries, the CPT 
theorem, causality, and unitarity followed by a detailed presentation of 
renormalization theory. A final chapter looks at difficulties with the theory and 
possible routes to their resolution. 
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